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In this revision an attempt has been made to present in 
their unity the three methods commonly used in the Calculus. 
The concept of Rates is essential to a statement of the prob- 
lems of the Calculus ; the principles of Limits make possible 
general solutions of these problems, and the laws of Infini- 
tesimals greatly abridge these solutions. 

The Method of Rates, generalized and simplified, does not 
involve "the foreign element of time." For in measuring 
and comparing the rates of variables, the rate of any variable 
may be selected as the unit of rates, dy/dx is the aj-rate of y, 
or the ratio of the rate of y to that of x, according as the rate 
of X is or is not the unit of rates. 

The proofs of the principles of differentiation by the 
Method of Rates, and the numerous applications to geometry, 
mechanics, etc., found in Chapter II, render familiar the 
problem of rates before its solution by the Method of Limits 
or Infinitesimals is introduced. 

In Chapter III, by proving that It (^y / ^x) = dy / dx, the 
problem of rates is reduced to the problem of finding the 
limit of the ratio of infinitesimals. 

The Theory of Infinitesimals is that part of the Theory of 
Limits which treats of variables having zero as their common 
limit. In approaching its limit an infinitesimal passes 
through a series of finitely small values before it reaches 
infinitely small values. Infinitesimals can be divided into 
orders, and their laws can be established and applied when 
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they are finitely small as well as when they are infinitely 
small. Hence, in the study of infinitesimals it is not neces- 
sary to determine that indefinite boundary between the finitely 
small and the infinitely small. Any small quantity becomes 
an infinitesimal when it begins to approach zero as its limits 
not when it reaches any particular degree of smallness. A 
quantity, however small, which does not approach zero as its 
limit is not an infinitesimal. If it is recognized that the 
essence of infinitesimals lies in their having zero as their limit, 
rather than in their smallness, the study of them ceases to be 
mystical, obscure, and difficult. 

Again, the concept of a limit as a constant whose value the 
variable never attains removes the necessity of studying the 
anatomy of Bishop Berkeley's "ghosts of departed quanti- 
ties." Infinitesimals never equal zero and should not be 
denoted by the zero symbol. This distinction between infini- 
tesimals and zero involves that between infinites and a/0. 

The much-abused form 0/0 cannot arise in the Calculus or 
elsewhere from any principle of limits ; a distinctive service 
of the Theory of Limits is that it enables us to evaluate any 
determinate expression when it assumes this or any other 
indeterminate form. 

Those who prefer to study the Calculus by the Method of 
Limits or Infinitesimals alone can omit the few demonstra- 
tions in Chapter II, which involve rates, and substitute for 
them the proofs by limits or infinitesimals in Chapter III. 

To meet an increasing demand for a short course in differ- 
ential equations, a chapter has been devoted to that subject. 

A table of integrals arranged for convenience of reference 
is appended. 

Throughout the work, as in previous editions, there are 
numerous practical problems from mechanics and other 
branches of applied mathematics which serve to exhibit the 
usefulness of the science, and to arouse and keep alive the 
interest of the student. 



PREFACE. V 

At the option of the teacher or reader, Chapters I and II 
of the Integral Calculus can be read after completing Chapters 
I and II of the Differential Calculus ; also many of the 
numerous examples and problems may be omitted. 

The author takes this opportunity of expressing his grati- 
tude to the friends who by encouragement and suggestions 
have aided him in this revision. 

James M. Taylor. 

Hamilton, N. Y., 1898. 
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PART I. DIFFEREISTTIAL CALCULUS, 



CHAPTER I. 
FUNCTIONS. BATES. DIFFEBENTIALS. 

1. A variable is a quantity which is, or is supposed to be, 
continually changing in value. Variable numbers are usually 
represented by the final letters of the alphabet, as a, y, z, 

A constant is a quantity whose value is, or is supposed to 
be, fixed or invariable. Constant numbers may be individual 
or general. Individual constants are represented by figures ; 
general constants are usually represented by the first letters 
of the alphabet. 

For example, in the equation of the circle (x ~ 3)2 + (y — 4)2 = r^, 3 
and 4 are individual constants fixing the centre ; r is a general constant 
denoting any radius ; x and y are variables denoting the coordinates of 
the moving point which traces the circle. 

2. Classification of variables. A variable whose value 
depends upon one or more other variables is called a depend- 
ent variable, or a function of those variables. A variable which 
does not depend upon any other variable is called an inde- 
pendent variable. 

For example, x^ — b^, sin «, and log (x — a) are functions of the inde- 
pendent variable x. Again, x^ + 3xy + y% log (x^ — y^)^ and a^+v are 
functions of the two variables x and y. 



2 DIFFERENTIAL CALCULUS. 

3. Classification of functions. An algebraic function is 
one which without the use of infinite series can be expressed 
by the operations of addition, subtraction, multiplication, 
division, and the operations denoted by constant exponents. 
All functions which are not algebraic are called traiiscendental. 
Of these, the more common are : 

The exponential function y = a^ \ and its inverse, the loga- 
rithmic function x = log^. 

The trigonometric functions y = sin «, y = cos a;, etc. ; and 
the inverse-trigonometmc functions x = sin~^y, x = cos~^y, etc. 

4. Explicit and implicit functions. When an equation 
involving two or more variables is solved for any one of 
them, this one is said to be an explicit function of the others. 
When an equation is not so solved, any one of its variables is 
called an implicit function of the others. 

For example, in x^ + y^ = r^, eith er j^ or x is an implicit function of 
the othe r; whil e in y = ± Vr^ — x^, y is an explicit function of x, and in 
X = ± Vr2 — y% X is an explicit function of y. 

A function is said to be one-valued, two-valued, or w-vaJued 
according as for each value of its variable it has one value, 
two values, or n values. 

For example, y is a one-valued function in y = x^, a two-valued func- 
tion in y2 = 4px, and a three-Valued function in y^ + xy -\- x^ = 1. 

5. Increasing and decreasing functions. An increasing 
function is one which increases when its variable increases. 
Hence, it decreases when its variable decreases. 

A decreasing function is one which decreases when its 
variable increases. Hence, it increases when its variable 
decreases. 

For example, 6 x and log x are increasing functions of x, while — 6 x 
and 1/x are decreasing functions of x. 
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6. Notation of functions. The symbols /(a;), f{x), F(x), 
<l> (x), and the like are used to denote different functions of a:. 
Likewise, f(xy y), </> (a;, y) denote different functions of x and y. 

The equation y = f(x) expresses that y is an explicit func- 
tion of x ; while f(x, y) = ^ expresses that either y or a; is an 
implicit function of the other. 

In the same problem or discussion the symbol /( ) denotes 
the same function of one enclosed quantity as of another. 

For example, if /(x) = x^ + 2 a + 3 ; 

then in the same problem or discussion 

/(y)=-2/2 + 2y + 3, 
and f{x + y) = (X + 2/)2 + 2 (x + 2/) + 3. 

Also, /(2), /(I), and /(O) denote respectively the values of /(x) for 
X = 2, X = 1, and x = 0. 

EXAMPLES. 

1. /(x) = 5 x2 - 3 X + 2 ; find /(y), /(x + h), /(3), /(O), /(- 2). 

2. f{e)=C082e; find/(x),/(y),/(0),/(;r/2),/(;r). 

3. /(2) = 2z*-28 + i, and0(«) = 722-62 + l; showthat 

/(O) = (0), /{!) = (1), /(- 2) = (- 2). 

4. /(x) = (a + x)"»; find/(2;),/{A- a),/{0),/(2). 

5. F(x) = e* — e-«; show that F(3x) = [F(x)]8 + 3F(x). 

6. /{«) = logf3' show that /(x)+/(y)-/(f^)- 

7. f(x + y) = a'-^y; find /(x),/(2),/(m + n). 

8. /(x, y) = x8 + 5xy2 + 3y«; find /(?n, n),/{2, - 3). 

Of the following functions, which are increasing and which are decreas- 
ing functions of x ? 

9. 2«'. 10. tanx. 11. — x^. 12. - 1/x. 

\ . 
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7. A continuous variable is a variable which in passing 
from one value to another passes successively through all 
intermediate values. 

A function f{x) is said to be continuous between x = a and 
x = 6, if when x changes continuously from a to h, f(x) varies 
continuously from f(a) to f(b). In other words, /(a;) is con- 
tinuous between a; = a and x=^b when the locus of y =f(x) 
between the points [«,/(«)] and [^,/(^)] is an unbroken 
curve. Some functions are continuous for all values of 
their variables ; others are continuous only between cer- 
tain limits. 

For example, the time since any past event varies continuously. The 
velocity acquired by a falling body and the distance fallen are continuous 
functions of the time of falling. Most quantities in nature are continuous 
variables. Sin and cos 6 are continuous functions of 6 for all values of 0. 
Tan ^ is a continuous function of 6 between ^ = and 6 = 7t/2, also 
between $ = 7t/2 and 6 = S7t/2'j but when 6 passes through ;r/2 or 
3 7r/2, tan leaps from + » to — » ; hence, tan 6 is discontinuous for 
6= 7i/2oTSn:/2. 

In x2 -f- y2 =r 1-2^ y is a real and continuous function of x between 
x = —r and x = r. In a^y^ — IW = — a^b^, y is a real and continuous 
function of x between x = —so and x = — a, and between x = a and 
X = » . Between x = — a and x = a, y is imaginary but continuous. 

The Calculus treats of continuous variables only, or of 
variables between their limits of continuity. 

8. Increments. The amount of any change (increase or 
decrease) in the value of a variable is called an increment 
If a variable is increasing, its increment is positive; if it is 
decreasing, its increment is negative. 

An increment of a variable is denoted by writing the letter 
A before it ; thus Aa;, Ay, and A(aj^ denote the increments of 
X, j/y and a^, respectively. 

If y =f(xi), Ax and Ay denote corresponding increments of 
X and y, and Ay = A/(a;). 
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Let PH be the locus of y =f(x) referred to the rectangular axes OX 
and or. 

If when X = OA, Ax =AB, 

then Ay = BP'-AP = EP" ; 

if when x = OC, ^x = CF, 

Ay = FH'- CD=-ND. 

In the last case Ay is negative, 
but it is properly called an incre- 
ment, since it is what must be added 
to the first value CD to produce the 
second FR. 

When x= OA=x% y = AP = y' ; 

when X = OB = a' + Ax, y =. BP" = y' + Ay ; 

that is, x' + Ax and y' + Ay are corresponding values of x and y. 
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EXAMPLES, 

1. The ratio of A (ox + h) to Ax is the constant a. . 

Let y = ax + 6. (1) 

Let x' and y' denote any corresponding values of x and y ; 
then y' = ax' + 6. * (2) 

When X = x' + Ax, y = y' + Ay^; hence, from (1) we have 

y' + Ay = a(x' + Ax) + 6. (3) 

Subtracting (2) from (3), we obtain 

Ay = aAx, or A (ox + 6) = aAx. (4) 

2. The ratio of A (x^) to Ax is the variable 2 x + Ax. 

When X = x', we find by the method above 

A(x2) = (2x' + Ax)Ax. 
Hence, as x' is any value of x, we have in general 

A(x2) = {2x + Ax)Ax. 

3. Provethat A/'(aj)=/(x + Ax)— /(x). 

4. Find A (ax2 + cx)^ A(x8); A(ax8 + 6x); A(cx*); A(cx*-6x2). 

When /(x) = ax^ + ex, f{x + Ax) = a (x + Ax)^ + c (x + Ax); 
.'. A{ax2 + cx) = a(x + Ax)2 + c (x + Ax) — (ox^ + ex) 
= (2 ox + aAx + c) Ax. 
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9. Uniform and non-uniform change. When the ratio of 
the corresponding increments of two variables is constant^ 
either variable is said to change uniformly with respect to 
the other. 

From example 1 of § 8 it follows that any linear function 
of X changes uniformly with respect to x. 

The area of a rectangle having a constant altitude and a variable base 
changes uniformly with respect to the base ; so also does the circumfer- 
ence of a circle with respect to its radius. 

Again, y changes uniformly with respect to x when the point (x, y) 
moves along any right line y = ox + 6. 

When the ratio of the corresponding increments of two 
variables is variable^ either variable is said to change non- 
uniformly with respect to the other. 

From example 2 of § 8, x^ changes non-uniformly with respect to x, 
or the area of a square changes non-uniformly with respect to a side. 

Any non-linear function of x changes non-uniformly with 
respect toaj. For evidently y changes non-uniformly with 
respect to x when the point (x, y) moves along any curve. 

10. Measure of rate. The rate of a variable is the rapid- 
ity of its change. Different variables have different rates, or 
change at different degrees of rapidity ; and in general the 
same variable passes through different values at different 
rates. 

To measure the rates of variables, we fix upon some unit ; 
that is, we select the rate of some variable as a unit of rates, 
For convenience, the rate of some increasing variable is always 
chosen as a unit of rates. If the rate of x is assumed as the 
unit of rates, we have the following definitions : 

I. If a variable y changes uniformly with respect to x, the 
measure of the rate of y is the increment of y corresponding 
to a unit-increment of x. 
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By I 0, Of + 6 changes oniloruil; n[tli respect to x ; 
by § 8 A (az +b) = aic = a, when ix = 1. 

Hence, ax + b cbanges uniformly at the rate of a to 1 of z. 

Thus, 4 I + 7 changes uni- 
formly at the rate of 4 to 1 of 
X ; and — 8^ + 9 changes uni- 
formly at the rate of — 8 to 1 
ofa;; that is, — Bx + 9 decreases 
at the rate of 8 to 1 of x. 

Again, if AD is constant, &nd 
AB is increasing, and BM equals 
a unit of the base, the rectangle ABCD increases uniformly a 
BMNC to a unit of the base. 
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II. If a variable changes non-uniformly with respect to x, 
the measure of its rate is what its increment corresponding to 
a unit-increment of x would be if at the value considered its 
change became uniform with respect to x. 

Conceive a variable right triangle with the constant 
erai«d by the perpendicular moving to 
the right. The rate of the area of the 
triangle at the value ABC is evidently 
equal to the rate of the area of the 
rectangle BCOH. Hence, if BH equals 
a unit of the base, the rate of the area 
of the triangle at the value ABC is 
BHOC to a unit of the base. Now, 
evidently, BHOC ia what would be the 
increment of the area corresponding 
to the increment BH, if at the value 

ABC the change of the area became ^_ 

uniform with respect to the ijase. B e f H 

Suppose BC = 2 AB, and let x and 2 x denote the number of units is 
the base and perpendicular, respectively ; 
then area ABC = i= units, 

and area BHOC = 21 units, since BII = 1. 

Hence, z' changes at the rate of 2 x to 1 of x. 

When x = 2, i.e. when x passes through the value 2, a* changes at the 
rate of 4 to 1 of x. When z = 8, x' changes at the rate of 16 to 1 of x. 
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When the rate of x is the unit of rates, the measure of the 
rate of a variable is called its x-rate. 

The rate of a variable will be positive or negative according 
as the variable is increasing or decreasing ; and conversely. 

11. Ditferentials. The differentials of variables which 
change uniformly with respect to the same variable are their 
corresponding increments. 

The differentials of variables which change non-uniformly 
are what would he their corresponding increments if at the 
corresponding values considered the change of each became 
and continued uniform with respect to the same variable. 
Hence the differential of a variable will be positive or negative 
according as the variable is increasing or decreasing. 

The differential of a variable is denoted by writing the 
letter d before it ; thus, dx read "differential a;" is the symbol 
for the differential of x. When the symbol of a function 
is not a single letter parentheses are used ; thus, d (a^ and 
d(x^ — 2 x) denote the differentials of a? and a:* — 2 a;, respec- 
tively. 

In the first figure of § 10, 

\tBe = d (base), BegC = d (rectangle); 

a Bf = d (base), BfhC = d (rectangle). 

In the second figure of § 10, 

\iBe = d (base), BegC = d (triangle) ; 

if J5/ = d (base) = dx, BfhC = d (triangle) = d (x% 

... ^ = ^^^ = BC = 2 X = the x-rate of x\ § 10 

dx Bf _ 

which is a particular case of the next theorem. 

12. dy/dx, a rate or a ratio of rates. 

I. When the rate ofxis the unit of rates. 

In this case dx is positive. Let n be so chosen that ndx 
will equal the unit of x ; then ndy will denote what would be 
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the increment of y corresponding to the unit increment ndxy 
if at the value considered the change of y became uniform 
with respect to x ; hence, 

ndy = the ic-rate of y. § 10 

dy ndy , ,, , « 

.'. "7^ = — r^ = nay = the ic-rate of y. 
dx ndx •^ ^ 

That is, the differential of one variable divided by that of \ "x^ 
another whose rate is the unit of rates equals the rate of the 
firsit variable. 

' II. When the rate ofxis not the unit of rates. 

Let the rate of v be the unit of rates ; then 

dy _ dy/dv __ the i;-rate of y 

dx dx/dv the v-rate of a; ^ ^ 

That is, the ratio of the differentials of any tivo variables equals 

the ratio of their rates. 

In this case dx may be either positive or negative. 

Cor. 1. If y =f(x)y y is an increasing or a decreasing func- 
tion of X according as dy / dx is positive or negative. 

In practical affairs and physical science the more common unit of rates 
is the rate of time. Thus, we speak of a distance as increasing at the 
rate of 20 miles an hour, meaning thereby that if at the value considered 
the change of this distance became uniform with respect to time, its incre- 
ment in an hour would be 20 miles. 

Cor. 2. If t denotes a portion of time, 

dy I dt — the time-rate of y, 

13. The meanings of Ai/, dy^ and the a-rate of y should 
be carefully considered, t^y denotes the actual increment of y 
corresponding to Aaj. dy denotes what the increment of y 
corresponding to the increment dx would be, if at the value 
considered the change of y became uniform with respect to x. 

Hence, dy = Ay only when y changes uniformly with respect 
to X and dx = Aa. 



\ 



10 DIFFERENTIAL CALCULUS. 

The ic-rate of y, which equals dy / dx, is what the incre- 
ment of y corresponding to a unit-increment of x would he if 
at the value considered the change of y became uniform with 
respect to x. When the rate of x is not the unit of rates 
dy J dx means simply the ratio of the rate of y to that of x. 

14. The problem of the Differential Calculus is to measure 
and compare the rates of change of continuous variables when 
the relation of the variables is known or given. 

The inverse problem of finding the relation of the variables 
themselves when their relative rates are known is the problem 
of the Integral Calculus. 

EXAMPLES. 

L For what values of x is a/{c — x) real and continuous? a/x? 
cotx? secx? cscx? Va^ — x'^ ? Vx^ — a^? logx? 

2. With respect to m, does au change imiformly or non-uniformly ? 
au + c? au^? logM? sinw? tanu? 

3. What is the v-mte ofav? av + b? v^? vl^ + av? v^ + bv + c? 
4 f(0) = ^^zl. showthat /W-/W =1^1^, 

5. /(x, y) = sin {x + y) + tan (x/y) ; find f(A, B), /($, 0). 

6. jP(x, y) = &^ — er-v; show that 

F(3x, Sy) - [F(x, y)^ + 3e*e-y F(x, y). 



CHAPTER II. 
DIFFEBENTIATION. AFFLIGATIONS. 

15. Differentiation is the operation of finding the differen- 
tial of a function. The sign of differentiation is the letter d ; 
thus d in the expression c?(cc^ indicates the operation of dif- 
ferentiating ar*, while the whole expression d^x') denotes the 
differential of x\ 

In the following formuldSy u, y, v, w, and z denote different 
functions of x. The rate of x will be used as the unit of 
rates. 

16. If u = y, du = dy. [1] 

That is, the differentials of equals are equal. 

For if u continually equals y, it is self-evident that u and y 
must change at equal rates ; that is, 

du / dx = dy / dx\ ,'. du = dy. 

For example, ify^ = 4ttXy d (y^) = d(4 ax). 

17. d(a) = o. [2] 

That is, the. differential of a constant is zero. 

For the rate of any constant a is zero ; that is, 

da/dx=^0'j ,'.da = 0, 

18. d(u + y H + z + a) = du + dy ^ + dz. [3] 

That is, the differential of a polynomial is the sum of the 
differentials of its terms. 
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For it is self-evident that the rate of the sum u -\- y + - - ' 
-f « + a is equal to the sum of the rates of its parts Ujy,' - •, «, 
and a ; that is, 

d{u-\-y-{-'''-{-Z'\-a) _du dy dz da 

dx ~ dx dx dx dx 

Multiplying by dxy since da = 0, we obtain [3]. 

For example, d(.3x2 -4tx^-2) = d(Sx^ + d{-^x^) + d{- 2). 

19. d(au) = adu. [4] 

That is, the differential of the product of a constant and a 
variable is the prodtcct of the constant and the differential of the 
variable. 

By § 9, au changes uniformly with respect to u. 
By § 8, ^(au) = aAu, 

Hence, by the definition in § 11, we obtain [4], 

For example, d(3ax*) = 3a'd(x8), and d(-f = d(- 'Zj = -dz. 

20. d(logaU) = m.du/u. [5] 

That is, the differential of the logarithm of a variable is the 
modulus of the system into the differential of the variable divided 
by the variable. 

For, n being a general constant, let 

u = ny, (1) 

. • . log^M = log^n -h log^. (2) 

From (2), by [1], [2], and [3] we obtain 

dQogji) = c?(log^). (3) 

Differentiating (1) and dividing by (1), we obtain 

du/u = dy/y. (4) 
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Dividing (3) by (4), we obtain 

d (log^w) :du/u = d (log^) :dy/y. (5) 

It remains to pro\ce that the equal ratios in (5) are constant. 
Let m denote the common ratio in (5) when y = y^\ then 

d (log^w) =^m ' du /Uy (6) 

when V, = ny\ But, as ti is a general constant, ny^ denotes any 
number; 'hence (6), or [5], holds true for all values of u^ m' 
being a constant. 

The constant m is called the modulus of the system of 
logarithms whose base is a. 

« 

The modulus of the common system of logarithms, obtained 
in § 97, is 0.434294 • • •. 

From the nature of logarithms we know that logaW changes the faster 
the smaller we take a. From [6J we leam that logoW changes at the rate 
of m/u to 1 of M. .Hence, the modulus m varies with the base a. 

Ex. The number u changes how many times as fast as logiou when 
M = 2560? 

du u 2660 



d(logaM) 771 0.43429- •• 



= 6895, nearly. 



That is, u changes nearly 5895 times as fast as its common logarithm 
when u = 25(50. 



21. Natural logarithms. The system of logarithms whose 
modulus is unity is called the Naperian or natural system. 
The symbol for the base of the natural system is e. 

Hence, d(logeU) = du/u. [6] 

Natural logarithms are evidently the simplest and most 
natural for analytic purposes. 

Hereafter when no base is written, e is understood. 

In the natural system du = U'd(logu); that is, the number u changes 
u times as fast as its natural logarithm. 
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22. d(uy) = ydu + udy. [7] 

When u and y are both positive, we have 

log (uy) = log u + log y ; 

,^d(uy)^du^dy 

Uy u y ^ L J 

.*. d(uy) = ydu + udy. (1) 

. Multiplying (1) by ah, by [4] we obtain 

d (au ' by) = by • d(au) + au • d(by), (2) 

Since a and b are general constants, au and by denote any 
variables, real or imaginary. Hence [7] holds true for any 
real or imaginary values of u and y, 

23. d(uvyz---) 

= (vyz • • •)du 4- (uyz • • •)dv + (uvz • • •)dy H . [8] 

That is, t?ie differential of the product of any number of 
variables is the sum of the products of the diff^erential of each 
into all the rest. 

If in [7] we put vw for w, we obtain 

d (ywy) = yd (vw) + vwdy 

= wydv •+■ vydw -f- vwdy, (1) 

By repeating this process the theorem is proved for any 
number of variables. 

K t) = la = 2/, (1) becomes d(y^) = 3 yHy, 

\J 24. d(u/y) = (ydu-udy)/y». [9] 

That is, the differential of a fraction is the denominator into 
the differential of the numerator minus the numerator into the 
differential of the denominator, divided by the square of the 
denominator. 
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Let z = u ly ; then zy — u, 

.'. ydz -\-zdy = du', by [1], [7] 

,', dz = (du — zdy')/yy 
/m\ _ du — (u/y)dy _ ydu — vdy 

\y)~~ y '^ y^ 

Cor. d(a/y)^=-ady/y^. [10] 

^ ,a yda — ady ady . . ^ 
For d- = 5 — - = ^f since da = 0. 

y T y 

25. Differentials of u^, b^, u**. When u is positive, 

.-. d(uy) = yuy-^ du + uy log^u dy/m. [11] 

Putting ft for u in [11], by [2] we obtain 

d (by) = by log^b dy/m. [12] 

Putting 7t f or y in [11], by [2] we obtain 

d(u°) = nu'»-^du. [13] 



Multiplying [13] by c", by [4] we obtain 

d (cuy = n(cuy~ ^ d (cu), (1) 

Since cu in (1) denotes any variable base, [13] holds true 
for any value of u, positive or negative, real or imaginary. 
The function u^ is continuous only when u is positive ; hence 
[11] and [12] are limited to positive values of u and b. 
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26. Stating [13] in words, we have 

The differential of a variable hose affected with a constant 
exponent is the product of the exponent^ the base with its exponent 
diminished by 07ie, and the differential of the base. 

Cor. dVu = du/2Vu. [14] 

For d{v}''') = i u-^'^'du = du/2-\/u. 

27. Stating [12] in words, we have 

The differential of an exponential function with a positive 
constant base is the function itself into the logarithm of the base 
into the differential of the exponent, divided by the modulus of 
the system of logarithms used. 

Cor. In the natural system, m = 1 ; hence, as log e = 1, 
from [12] we have 

d(by)=bylogbdy; [15] 

and d(ey) = eydy. [16] 

28. Comparing [13] and [12] with [11], we see that 

The differential of an exponential function with a positive 
vaHaJjle base can be obtained by first differentiating as though 
the exponent were constant j and then as though the base were 
constant, 

EXAMPLES. 

By one or more of the preceding formulas exclusive of [6], [6], [11], 
[12], [15], [16], differentiate 

1. y = x8 — 8x + 2x2. 

dy = d(x^-Sx + 2x^) by [1] 

= d(x8) + d(-Sx) + d(2x2) by [3] 

= 3 x'^dx - 8 dx + 4 xdx, by [4],* [13] 

.-. dy /dx = 3 x2 — 8 + 4 X = the x-ratei of y, § 12 
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That is, y , or a;3 — 8 X + 2 x^, changes at the rate of Sx'^ — S + 4tx 
to 1 of X ; or y changes 3 x^ — 8 + 4 x times as fast as x. 

When X = — 4, 2/ is increasing at^the rate of 24 to 1 ©f x ; 
when X = 0, 2/ is decreasing at the rate of 8 to 1 of x ; 
when x= 6, y is increasing at the rate of 87 to 1 of x. 

2. 2/ = 3 0x2 _ 5 ,j2j _ 8 m. ^2^ = (6 ox — 6 w) dte. 

Note. At first the student should give the meaning of each differ- 
ential equation which he obtains. 

^3. y = 6ax2 — 362x8 — a6x*. ^2^ = (10 ox — 9 6'^2 _ 4 ^6x8) dx. 

- 4. 2^ = a3 + 6 62x3 + 7 a8x5. dy = (16 62x2 + 35 a^x*) dx. 

-5. 2^ = 0x8/2 + 6x1/2 + 0. (Z?//(te = (3ox + 6)/2Vx. 

^6. 2^ = (6 + 0x2)5/4. < dy = i{b + ax^y^^axdx, 

-7. 2/ = (cx + 6x8)*/3. d2^ = I (ex + 6x8)1/8 (c + 36x2)dx. 

^8. 2^ = (1 +2x2) (1 +4x8). (f7/ = 4x(l +3x + 10x8)dx. 

dy = (l +2x2)d(l +4x8) + (l +4x8)d(l +2x2).. 

»- 9. y = (x + 1)5 (2x - 1)8. dy =(lGx+l)(x + l)4(2x-l)2(to. 

y,A / . V / ^y o — 3x 

10. y = (a + x) Vo — x. — = — , • 

^^-^ dx 2V0 — X 

^ 11. 2^ = (x2 + l)2(2x2 + x)8. 

dy = (x2 + 1) (2x2 + x)2 (20x3 + 7x2 + i2x + 3)(ix. 

>^ 12. 2^ = (1 - 3X2 + 6X4) (1 + jc2)3. (^2^ = 60x5(1 + x2)2(ix. 

13. 2^ = x«(a + 2x)8(a~3x)2. 

dy = 6x5(0 + 2x)2(o - 3x) (02 — ox — llx2)tte. 

, - . X + a2 dy b — a^ 
V 14. y = — "~ 



X + 6 dx (X + 6)2 

_ (X + 6) d(x + o2) - (X + o2) d(x + 6) 

'^^" (x + 6)2 

'* IK _ 2x* d2^__ 8o2x8 — 4x5 

^~a2-x2* dx" (02-x2)2 

i/s ^/ o ■ 1^ ■ ^2/ _ 2 ox + 6 

y 16. 2^ = V 0X2 + 6x + c, ,^ = — y = 

^ ^ 2Vox2 + 6x + c 
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1/ 17. 


2x2-3 

^"4x + xa 


/ 18. 


/l+x 


J 19. 


X8 


^ (1 + x)a 


i 20. 


2x2-1 


\J 


" XV1+X2 


^ 21. 

• 


a2-62 


^ (2ax-x2)3/2 


\/ 22. 


y = Vox 4- Vc2x8. 


V' 23. 


x» + l 

y = 7' 


V7 24 


&X 

a/ • 


>/ ATS. 


V2 OX — x2 


t^ 25. 


X" 


^ (1 + x)« 


/or 


1 



(a + x)"» (6 + x)» 



dy _ 8x2+6x + 12 , 
dx~ (4x + x2)2 

^ = __JL__. 
dx (l-x)Vl-x2 

dy _ 3 x2 + x8 . 
dx ~ (1 + x)8 ' 

dy _ 1+4x2 

dx""x2(l+x2)8/2 

dy_ 3(a2-62)(a;-a) 
dx (2ax-x2)6/2 

dy _ Vg + 3cx 
dx 2Vx 

dy _ 2nx"~^ 
dx ~ (x» — 1)2 * 

dj^ __ a5x 

dx (2ax — x2)8/2 

dy _ Tix"-^ 
dx"" (1 +x)»+i' 

dy _ __ m (6 + x ) + n (g + x) ^ 
dx ~ (a + x)"* + J (6 + x)'»+ 1 * 



27. 2/ = (a + x)"» (6 + x)". 

dy = {m{6 4- x) + n(a + x)} (a + x)"*-^ (6 + x)»-idx. 



v/ 



28. y = 



X3n 



(1 + X2)» 



dy _ 2nx2'»-i 
dx~(l + x2)»+i 



29. y = xi2(6-3x)*(c + 4x)8. 

di^ = 12x"(6 - 3x)8(c + 4x)2(6c - 4cx + 56x - 19x2) dx. 



^ 30. y = 



\/ 31. 2/ = 



1-x 

Vl+X2 

Vx2 — a2 

X 



dy ^ ~ (1 4- X) . 
dx (l + x2)8/2 

dy a2 , 

dx x2Vx2 — a2 



/ ^ 
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V a2 + x2 — X dx a^\ v a2 + x^ J 

Rationalize the denominator before differentiating. 

X + V 1 4- x3 dx Vx2 + 1 

V^ Vx2 + a2 - a dx x^l'S!:* VxM-^J 



EXAMPLES. 
By one or more of the sixteen preceding formulas, differentiate 

v 1 — 1 / o 1 \ ^y 2x + 1 

1. j, = log(a!» + a!). di = ^+7- 

'v 2, y = logoX« = 3 log,.x. 

V3. ,=iog„vr3^=iiog,(i-x.). |=2-||^- 

.j 4. y = X log X. dy = (log x + 1) cfec. 

V 5. y = log ^ = log(l+\^) — log(l — \^). 

1 —Vx 

V 6. j,=iog{vr^{i+x)}. |=i7^- 

V7. . = log(l+x^^ 1 = ^- 




V 9. 2/ = (logx)8. 10. y = ciogax/N 

11. 2/ = X* ^' dl/ = X* (log X + 1) dx. 

12. y = x«*.. ^ = x^x*(logx(logx+l) + ^). 

cLt/ dx 

Here log y = up log x ; .-. — = x^^ h log x [x* (log x + 1)] dx. 

y X 

13. y = x.'. S^ = '=^«' X- 



20 DIFFERENTIAL CALCULUS. 

14. y = e**. ^ dy = c** x*(log x + l)dz, 

15. y = xi<«*. ^/^ dy = 2xi<«*-Uogx-(to. 

-« a* — 1 dy 2 a* log a 

16. 1/ = • -^ = ^ — • 

^ a'+l dz (a^ + l)a 

X dy _ 1 



17. y = log 



Vi H-xa' dx x(H-x2) 



18. y = log(logx). 



dy _ 



dx xlogx 

"— 5- l=(l)>«;-0- 

t^y_ ga — 2x — 2 






20. y = J-LZL^ 
^ixaH-xH-l 



dx 2Vl-x(x2H-xH- 1)8^2 
In example 20 and some that follow, pass to logarithms. 

__ x*» dy __ _jifl^»21?_ . 

^' ^~(a + x)»* dx~(a + x)» + i' 

^•2^ (aa - x2)i/2 dx "^^ (a^ - x2)8/2^« + * > • 

25. y = e«'(l--x8). dy = e*(l — 3x2 — x8)dx. 

e* — e-* dy 4 



26. y = 



e* + e-* dx (e^ + e-*)2 

dy __ /3!\*»^, 



28. y = (a* + 1)2. dy = 2 aa^(a* + 1) log adx. 

2d, y = a<^. 30. y= * 



e* — 1 
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29. Derivatives. The ratio of the differential of a func- 
tion of a single variable to that of the variable is called the 
derivative of the function. Thus, dy / dx denotes the deriva- 
tive of y as a function of x. 

The derivative oif(x) is denoted by/'(aj). 

That is, df{x) /dx= f'(x). 

The operation of finding the derivative of a function of x is 

denoted by ^. Thus :^ (3 a:^ = ^^^^ = 15 x\ 
dx dx^ ^ dx 

A derivative is often called a differential coefficient, 

EXAMPLES. 

In each of the following equations find the derivative of the implicit 
function y : 

1. x8 -h 2/3 = 3 axy -h c. 

d(aj3 + y"") = d{Sazy -he); by [1] 

.-. 3 z'^dx -h 3 y'^dy = 3 aydx + 3 axdy ; 
dy ay — z^ 



dy __ 4zy + h 
dx" 32/2 — 2x2 



2. y^ = 2z^ + bx. 

3. 2/2 = 4 px. 4. dh/^ + lW-dRf^, 



5. x8 -I- 3 azy = — y^. 3^ = ^-. — - • 

^ dx y^ + az 

' a"" l/n ' ^ \y) \a) 

m0 ^ dy y(\—z) 

dx x(2/ — 1) 

Passmg to logarithms, we have x -h 2/ = log x -I- log y. ^ 

dx x2 — xy log X \x/ log y — 1 
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9. xif+^ = yy-''. 



10. (y + x)* = x^ay. 



dy __ xy log (ay) + y (y + g) 
dx xy log (y/x) + x (y — x) 

<^y _ y + (a; + y) [logx — iog(x + y)] 

dx X — (x + y) log a 



30. The velocity of a moving body is the time-rate of the 
distance traversed by it. Let s denote the distance, t the 
time, and v the velocity; then v = the time-rate of s = ds/dt. 



% 



EXAMPLES. 

1. The area of a circular plate of metal is expanding by heat. When 
the radius passes through the value 2 in. it is increasing at the rate 
of 0.01 in. a second ; how fast is the area increasing ? 

Let X = the number of in. in the radius, 
and y = the number of sq. in. in the area. 
Then y = tx2 ; .-. dy/dt = 2 irx • dx/(tt. (1) 

When X = 2, dx/dt = 0.01 ; .-. dy/dt = 0.04 ir. 

That is, the area is increasing at the rate of 0.04 ir sq. in. a second 
when it passes through the value considered. 

2. When the radius of a spherical soap-bubble equals 3 in. it is in- 
creasing at the rate of 2 in. a second ; how fast is its volume increasing ? 

Ana, 72 cu. in. a second. 

3. A boy is running on a horizontal plane in a straight line towards 
the base of a tower 50 metres in height. How fast is he approaching the 
top when he is 600 metres from the foot, and is running at the rate of 
200 metres a minute ? ^^s. I99 metres a minute. 

4. A* light is 4 metres above and directly over a straight horizontal 
sidewalk, on which a man If metres in height is walking away from the 
light at the rate of 50 metres a minute. How fast is his shadow changing 

in length ? 

'^ ' Let AS -ho. the sidewalk, B the position 

of the light, and (72)iotie position of the man. 

Let y = the number of metres in CE, 
and X = the number in AC ; then 

y + X : y = 4 : 5/3, etc. 




U^ 
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6. In problem 4 show that the farthest point of the man^s shadow is 
moving at the rate of 85^ metres a minute. 

6. The altitude of a variable cylinder is constantly equal to the 
diameter of the base. When the altitude equals 6 metres it is increasing 
at the rate of 2 metres an hour ; how fast is its volume increasing ? How 
fast its entire surface ? -|f Q 

Am, 54 kilolitres an hour ; 36 tt centiares an hour. 

^ 

7. Find the length of a side of an equilateral triangle when its area is 
increasing in sq. in. 30 times as fast as a side is in lin. in. 

Let X = the number of lin. in. in a side of the triangle, 
and y = the number of sq. in. in its area ; 

then y = ^VSx^ ; .-. dy = iVSzdx, 

Hence, y changes I^VSx times as fast as x; therefore, when y 
changes 30 times as fast as x, ^Vs x = 30, or x = 20 V3. 

8. On the parabola y2 = 8 x, find the point at which y changes at the 
rate of 2 to 1 of x. ^m, (1 /2, 2). 

9. On the ellipse x^/a^ + y^/b^ = 1, find the points at which y changes 
at the rate of c to 1 of x. 

Ans. (If cdj^/^h^ + aH^ ± h^/^b'^ + a^^). 

10. One ship was sailing south at the rate of 6 miles an hour ; another 
east at the rate of 8 miles an hour. At 4 p.m. the second crosses the 
track of the first at a ppint where the first was two hours before. When 
was the distance between the ships not changing ? How was it changing 
at 3 P.M. ? at 6 p.m. ? 

Let t = the number of hours in the time reckoned from 4 p.m., 
time after 4 p.m. being +, and time before — . Then 8 t miles and 
(6t + 12) miles will be respectively the distances of the two ships 
from the point of intersection of their paths, distances south and 
east being +, and distances west and north being — . 
Let y = the number of miles between the ships ; then 

2/2 = (8 1)^ +(6t+ 12)2. 
dy_ 100^ + 72 

''' dt [64«2+(6i+i2)2]i/a' 

When dy/dt = 0, 100< + 72 = 0, or « = - 0.72. *» 

Hence, the distance between the ships was not changing at 43.2 
minutes before 4 p.m., or at 16.8 minutes after 3 p.m. 

Ans. Diminishing at the rate of 2.8 miles an hour ; increasing at 
the rate of 8.73 miles an hour. 
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11. Two straight lines of railway intersect at an angle of 120°; on one 
line a train is approaching the intersection at th^ rate of 30 miles an hour, 
and on the other a train is receding from it at the rate of 40 miles an 
hour. When the first is 10 miles from the intersection, the second is 
20 miles from it ; find the rate of change of the distance between the 
trains at that instant. 

Let z — the number of miles between the trains, and x and y 
respectively the numbers of miles between them and the intersection 
of the tracks ; then the rates of x and y respectively will be — 30 
and 40 an hour, and 

'^ . z^ = x^'\-y^ + xy. 

Hence, at the instant considered the trains are separating at the 
rate of Y- "^7 miles an hour. 

31. Tangent. If a secant BS be moved or revolved so that 
two of its points of intersection with a curve coincide at some 
point P, the line MS in this position is the tangent to the 
curve at F. 

32. Slope. * The tangent to a curve at any point P has 
the direction of the curve at that point. 

Let <t> denote the angle XBP (§ 33, fig.) ; then, when P 
moves along the curve, </> varies and gives the direction of the 
curve at P relative to the ic-axis. 

Tan </> is called the slope of the curve at P. 

33. Geometric meaning of dy /dx. Let mPF' be the locus 
of y =f(x). Let s denote the length of the path traced by 
the point (xj y), 

* This statement, if not sufficiently evident, may be proved as follows : 
When the dpection of the arc PaR (§ 60, fig.) changes continuously 
(this arc can always be made so small that its direction will change con- 
tinuously), the secant PP has the direction of the arc PaP at some point, 
as a. When P is made to coincide with P, a also will coincide with 
P ; hence, the ,^gent at P has the direction of the curve at P. 
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Starting at m, suppose (aj, y) to move along the curve to P 
and thence along the tangent 
PA, Then, when x = OM, 
the change of x and that of 
y will both become uniform 
with respect to s. 

Hence, PA, PE, and EA 
will represent ds, dx, and c?y, 
respectively, when x = OM, 

Hence, dij/dx = tan <^. 




iv X 



(1) 
That is, dy/dx, orf (a?), equals the slope ofy =f(x) at (x, y). 

Since the relative rates of y and x determine the direction of motion 
of the point (a, y), equation (1) follows directly from § 12. 

Cor. 1^ From the right angled triangle PEA we have 

d^ = dx^-Vdy\ (2) 

dy / ds = ^m ft>, dx / ds = cos <!>. (3) 

Cor. 2. If P^ represents the velocity at P of the point 
(x, y) in the direction of its path, PE and EA will represent 
the component velocities at P of the point (aj, y) in the direc- 
tion of the axes. 

The figure given above illustrates the difference between an increment 

and a differential. 

For example, if Ax = PE = dx, Ay = EP" = dy + AV, 

If the curve were concave downward at P, Ay would be less than dy. 

Ay and dy are equal when and only when the locus is a straight line. 

34. Rectangular equation of a tangent. Let y =f(x) be 
the rectangular equation of any plane curve, and let dy^ /dx* 
denote the value of dy/dx for the point (x\ y') ; then the 
equation of the tangent to the curve y =f(x) at the point 
(«', y')i8 
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For line (a) evidently passes through (x\ y'), and by § 33 it 
has the slope of the curve at that point. 

Ex. Find the equation of the tangent to the parabola y^ = 4px, 
Here dy/dx = ^p/y; .*. dy'/dx' = 2p/y\ 
Substituting in (a), we obtain as the required equation 



2p 
y-'y' = y{x-x% 

Since 2^2 = 4px% equation (1) becomes by reduction 

yy' = 2p{x-^ x'). 



(1) 



(2) 



CoR. Intercept of tangent on ic-axis = x' — y'dx^ /dy', (1) 
Intercept of tangent on ^/-axis = y' — x'dy' /dx\ (2) 

35. Rectangular equation of a normal. The normal at 
the point (cc', y') passes through (a?', y') and is perpendicular 
to the tangent at that point ; hence, its equation is 






(b) 



For example, the equation of the normal to the parabola y^ = 4px at 
the point (x', y^ is 

y-2^ = -(2/72p)(x-xO. 

36. Subtangent, subnormal, tangent, normal. Let PT 

be the tangent at the point F(x', y'), and FS the normal. 




S X 



Draw the ordinate PM', then TM is called the subtangent, 
and MS the subnormal. Hence, 
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Subt. = TM=MF cot <t> =y'dx^/dy'. (1) 

Subn. =MS = MF tau <^ = y'di/'/dx'. (2) 

Tan. =TP = \JmI^ + I^^ = y' Vl + (dx'/dyy, (3) 

Norm. = ^P =\/mF-{-MS^ = yWl + (dy' / dxy. (4) 

If the STibtaugent is reckoned from the point T, and the 
subnormal from M, each will be positive or negative accord- 
ing as it extends to the right or to the left. 

Note. The problem of tangents was foremost among the problems 
which led to the invention of the Differential Calculus. 

EXAMPLES. 

The equations of the tangent and the normal to 

1. The circle, z^ + y^ = r^, are yy' + xx' = r^, and z^y = y^x. 

2. The ellipse, x^/a^ + 2/2/52 = 1^ are xx'/a^ + yy' /l^ = 1, and 

3. The hyperbola, x^/a'^ — y^/b^ = I, are xxya^ — yyyh'^=l, and 

y-y'=- (aV/&2xO {x - x'). 

>• mv • -1 9 aj3 , . Vg^ (3a — xQ , „ 

4. The cissoid, y^ = ^^^zi^^ ^Tey-y'=± ^2a-xy^^ ^* ~ ^ ^' 

and y - I/' = n: ij^-^^^^ (g. _ j./). § 155^ fig, 3. 

Vx' (3 a — x') 

5. Tlie hyperbola, xy = m, are x'y + y'x = 2 m, and 

y'y — x'x = 2/^2 — x"2. 

6. The circle, x^ + 2/2 = 2 rx, are 2/ — 2^' = (x — x') (r — x') /y', and 

y — y'=(x — xf\y'/ (x' — r). 

7. Find the equations of the tangent and the normal to the curve 
y2 r= 2 x2 — x8, (1) at the point whose abscissa is 1, (2) at the point whose 
abscissa is — 2. 

8. Find the slope of the curve 2/^ = x^ + 2 x* at x = 2. 

9. Find the slope of the curve y — x^ — y'^-\-\2Xx = 2\ x=l; x = 0; 
x=-l. 
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10. At what point on y^ = 2 x^ is the slope 3 ? At what point is the 
curve parallel to the x-axis ? Ans. (2 4)- (0 0). 

11. At what angle does y^ = Sx intersect ix^-h2y^ = 4S? 

The points of intersection are (2, 4) and (2, — 4) ; the. slopes of the 
curves are 4/y and —2x/y respectively, which for the point (2, 4) 
become 1 and — 1. Hence, the curves intersect at right angles at 

(2,4). 

12. At what angles does the line 3y — 2x — 8 = cut the parabola 
y^ = ^x? ^^. tan-10.2; tan-i0.125. 

13. The cissoid y^ = x^/(2 a — x) cuts its circle x^ + y^ = 2ax at 
tan-12. 

14. Find the subtangents and the subnormals of the conic sections and 
the cissoid. 

Ans. Parabola : subt. = 2 x' ; subn. = p. 

Ellipse: subt. = (x'2— a2)/x'; subn. = — b^'/a'^. 

Hyperbola: subt. = {z"^~ a-)/x'; subn. = h-x'/a^. 

^. ., ,^ x^(2 a - xQ , xT^a-x') 

Cissoid : subt. = — j^ ^ ; subn. = -— -r-f • 

3 a — x' ' (2 a — x')2 

Find the subtangent and the subnormal of 

15. The hyperbola xy=m, 

16. The semi-cubical parabola ay^ = x^. § 155, fig. I. 

17. Find the slope of the logarithmic curve x = logo^. The slope 
varies as what ? Li the curve x = log y the slope equals what ? 

' 18. Find the equations of the tangent and the normal to x = \ogay- 
Show that the subt. = m, and find the subn. 

19. Find the normal, subnormal, tangent, and subtangent of the 
catenary y = « (e*/" + e-*/«). §197, fig. , 

Ans. '^; 7 (e2^/« - e-2^/«); -7=-^^= ; ""^ ' 



a ' 4 ' V^2 — ^2 ' V2/2 _ a2 

20. The path of a point is an arc of the parabola y^ = 4px, and its 
velocity is v ; find its velocity in the direction of each axis. 
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Let 8 denote the length of the path measured from any point upon 
it; then 

ds/dt = V. 

*, « -. dv 2r) dx 

From 2/2 = 4px :£ = 3i ' 

dt y dt 

Substituting these values in 

we obtain 

dx _ yv , dy _ 2pv 



dt Vy2 + 4p2 dt Vy^ + 4p2 

21. Find the velocities required in example 20, when the path is, 

(i) an arc of the circle z^ + y^ = r^, 
(ii) an arc of the ellipse ~^ + t^ = Ij 

X2 2/2 

(iii) an arc of the hyperbola "^ ~" 7^ = !• 

22. A comet's orbit is a parabola, and its velocity is v ; find its rate 
of approach to the sun, which is at the focus of its orbit. 

Let p denote the distance from the focus to any point on y2 = ^px ; 

then 

p = x+p, 

.'. dp/dt = dx/dt. (1) 

Hence, the comet approaches or recedes from the sun just as fast 
as it moves parallel to the axis of its orbit. 

,dp^dx^^^^^^ Example 20 

dt dt Vy2 + ip2 

At the vertex y = 0; hence, at the vertex dp/dt is zero. 
Wheny = 2p, dp / dt = (l/2)V2v, 
When y = Sp, dp/dt = (S/ 13) Vl3 v. 

23. The curves y=^f{x) and y = F(x) have the point [a, /(a)] in com- 
mon ; show that these cuiTCs intersect at this point at an angle whose 

tangent is /^^f,' ^^I'jJ^^ • 
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37. A radian is an angle which, when placed at the centre 
of a circle, intercepts an arc a radius in length. It equals 
180** /tt, or 57°.3 nearly. Let u denote the number of radians 
in any angle at the centre of a circle, r the number of units in 
the radius, and s the number in the intercepted arc ; then 

u = s/r ; or if r = 1, t* = s. 




38. d^sinu = cosudu. 
d cos u = — sin u du. 



[17] 
[18] 



o 



Let the point P (x, y) move along the 
arc XPY of a unit circle. Denote the 
number of linear units in the arc XP 
by s, and the number of radians in the. 



^ ^^ angle XOP by u. We shall then have 



u = s, 
.'. du = dSf 



y = sin u, 
dy = d sin w, 



X = cos u, 
dx=^ d cos u. 



(1) 



Angle EDP equals u, and dx is negative ; hence, from the 
triangle EDP by § 33 we obtain 

dy — cos uds^ dx = — sin u ds. (2) 

Substituting for dy, ds, and dx in (2) their values as given 
in (1), we obtain [17] and [18], 



39. d tan u = sechi du. 
For 

.*. d tan u = 



[19] 



tan u = sin u/qos u. 

cos u d sin u — sin u d cos u 



cos^w 



(cos^ -f- sin^w) du „ , 

= ^^ s — = sec^t* du. 



cos^t* 



* When not needed to avoid ambiguity the parentheses after the sign 
(2 are often omitted. 
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40. d cot u = — cschi du. [20] 

For cot u = tan (7r/2 — u). 

.•. (^ cot w = sec^(7r/2 — u) d ('7r/2 — u) 
= -— csc^w du, 

41. d sec u = sec u tan u du. [21] 

For sec u = 1 /cos w. 

, ainudu 

.'. a sec w = 5 — = sec u tan w aw. 

cos-'w 

42. d CSC u = — CSC u cot u du. [22] 

For CSC u = sec (7r/2 — w). 

.-. d CSC w = sec (7r/2 — w) tan (7r/2 — u) d (7r/2 -— w) 
= — CSC w cot u du, 

43. d vers u = c? (1 — cos w) = sin u du. [23] 

44. d covers u = c? (1 — sin w) = — cos u du. [24] 



EXAMPLES. 

1. ^ = sin ox. dy =a cos ox • dsc. 

2. y = cos (x/a). dy = — a-i sin (x/a) dx. 

3. y = cos x'. dy = — 3 x2 sin x^dx. 

4. /(^) = tan»n^. /'(^) = »ntan"»-i^sec2^. 

5. /(^) = tan 3^+ sec 3^. /'(^) = 3 sec23^ + 3 sec 3^ tan 3^. 

6. f(x) = sin (log ox). f(x) = x-^ cos (log ax). 

f(z) changes at the rate of /'(x) to 1 of x (§ 12). 

7. f(x) = log (sin ttx), /'(x) = a cot ox. 

8. /W = log (tan ae). m = ^^^l\^^ *= ^- 

9. /(^) = log (cot a^). f\e) = - 2 a/sin 2 a^. 
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-A -, V 1 — tan OX 

10. fix) = = cos ax — sin ox. 

^ ' . sec ax 

11. /(x) = x» e"i^ *. /'(x) = x»-i 6«in* (n + X cos x). 

12. /(x) = sin nx • sinnx. f\x) = n sin»-i x • sin (tix + x). 

13. /(x) = e^ log sin x. /'(x) = e* (cotx + log sinx). 

14. /(x)= tan (logx). 15. /(x) = log secx. 

16. /(x) = cos X / 2 sin2 x. 

17. /(x) = 4 sin"» ox. /'(x) = 4 aw sin»»"-i ox cos ax. 

18. /(x)= x^i^*. /'(x) = x«>»*(sinx/xH- logx cos x). 

19. f(e) = (sin ^)t«» ». f\Q) = (sin ^)t«» » (1 + sec^ Q log sin ^). 

20. /(x)=tanai/a:. /'(x) = — a^xsec^aWxioga/x^. 

21. /(^) = Jtan8^-tan^ + ^. /'(^) = tan*^. 

22.. /j(x) = e(« + «^)* sin x. /'(x) = e(« + »)* [2 (a + x) sin x + cos x]. 

23. /(x) = e-«^ cos rx. /^(x) = — e-«*^(2 €?x cos rx + r sin rx). 

/ — (sec Vl — x)2 

24. /(x) = tan Vr=^.- /'(x) = ^^^^^^— ^ ^ • 

25. /(^) = log Jl^^ . /'(^) = CSC ^. 

\ 1 + cos ^ ^ ' 

By differentiation derive each of the following pairs of identities from 
the other : 

26. sin 2^ = 2 sin^cos^, cos 2^ = cos2^ — sin2^. 

^ . _^ 2tan^ „^ 1 — tan2^ 

27. sin 2 Q = r-j— — r^» cos 2 ^ = 7-—; — r-- 

H-tan2^ l-htan2^ 

28. sih3^ = 3sin^ — 4sin8^," 
cos 3^ = 4 cos8 ^ — 3 cos Q, 

29. sin (m + n) ^ = sin mQ cos n^ + cos m^ sin n^, 
cos (w + n) ^ = cos m^ cos 71^ — sin witf sin n^. 

30. (Z/(a + x2)=/'(a + x2)2xdx. 

31. d/(ax2)=/'(ax2)2ax(te. 

33. d/(xy) =/'(xy) (xdy + ydx). 
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45. dsin-iu = du/Vi-u2.* [25] 

That is, the differential of an angle in terms of its sine is the 
differential of the sine divided hy the square root of one Tninus 
the square of the sine. 

Let y = sin~^w ;• then sin y — u, 

du du 



.\dy = 



cos y Vl — sin^y 
du 



Vl-w^ 



46. d cos~^u = c?( ~ — sin-^w ) = , 

V2 J vT^il? 



.\dy = 



sec^y 1 -f tan^y 1 -{-u 



2 



.\dy = 



sec y tan y u^v? — 1 



[26] 



47. dtan-u.-m- [27] 

Let y = tan~^2* ; then tan y = w. 

du du du 



48. dcot-iu = t^r^-tan-it^j = -^j-^- [28] 

49. dsec-iu = — ^^ [29] 

uVu^— I 

Let y = sec^te ; then sec y=^u. 

du du 



* To avoid the ambiguity of the double sign ±, we shall in these for- 
niulas limit sin- ^ it, cos-^w, etc., to values betweea and it/ 2, 



■ 1 ( -.; - I -' C.'^ - 
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\2 J u Vu« - 1 ■■ -" 

61. dvers-'u= . ^" [31] 

Let y = vers-^w ; then vers y = u. 

_ du du 

.\dy = - — = 



siny Vl — cos^^ 

du 
Vl — (1 — vers yY 

du du 



Vl - (1 - uf ■\l2u-u^ 



62. dcovers-^u = c?( - — vers-^w 1 = , [321 

\2 ) V2U-u« ■- -^ 



EXAMPLES. 

- , . ,x d(x/a) dx 

1. dsin-^-= . ^ ' -^ — — —, 

a vl — (x/a)2 Va2 — x2 

2. d cos-i - = , : d tan-i- = 



a 



Va2 - x2 * a a2 + x2 



^ ^ ,x adx , ,x adx 



a a2 + x2' a xy/x^ — a^* 

, X adx , ,x dx 



a xVx2 — a^' a V2 ax — x^ 

dy . , . Tnx 
—2- = sin— 1 



3. 2/ = X sin-i mx. -^ = sin-i mx + —, 

dx VI — m2x2 

4. y = tanx tan-^x. -^ = sec^x tan-^x + ^ • 
8. y-tan j_j_^, ^ 1 + 6^.2^.^.4 
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6. y = sin-'i 



7. y = sec-i 



8. y = cos-i 



x + 1 

V2 



2x2-1 

x2"— 1 . 
xa^+l* 



9. y = tan— 1 (n tan x). 



10. y = x^^ ^* 



11. y = tan-- 



x + g 
1 — ox 



12. y = sin-iVsinx. 



13. y = cos 



-1 



14. y = tan-i 



e*+ e— * 
Vx + Va 



1— Vox 



15. y 



\l + x 



16. y = cot 



+ x 
, 1+ Vn- x2 



X 



17. y 



= eot-iJ^ 
\2 + x 




= vera— 1 



2x2 



21. y = sin 



= tan-i 



= csc-i 



zn a\n — 1 



1 + X2 

3x — X8 
1-3x2 

1 

2x2-1 

1-X2 
H-X2' 



dy _ 


1 


dx 


Vl — 2x — x2 


ny _ 


2 


dx 


Vl-X2 


dy _ 
dx 


2nx«-i 

X2»+1 


dy _ 


n 


dx 


cos2x + n2sin2x 


dy _ 
dx 


. _i /sin-ix 

^ X 


dy _ 


1 


dx 


1 + X2 


dy _ 


Vl + CSC X 


dx 


2 


dy _ 


-2 


dx 


e^+e-« 


dy _ 


1 


dx 


2v^(H-x) 


dy _ 


-1 


dx 


2Vl-x2 


dy _ 


1 


dx 


2(1 + x2) 


dy _ 


1 


dx 


2V2 — X — X2 


dy _ 


2 

■ ... . • 


dx 


1+X2 


dy _ 


3 


dx 


1 + X2 


dy _ 


2 


dx 


Vl-X2 


dy _ 


-2 



+ 



logx 

Vl 



gx \ ^ 



dx l + x2 
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„ ,3 + 5co8X 

22. y = co8r^r-r-o 

6 + 3COSX 

23. y = tan-i 



X 



Vl-xs 



dy 
dx 

dy 
dx 



6 + 3 cosx 
1 



VT 



x^ 



24. A wheel whose radius is r rolls along a horizontal line with a 
velocity v ; find the velocity of any point P in its rim, also the velocity 
of P horizontally and vertically. 




The path of P is a cycloid whose equations are 

X = r (^ — sin ^), 1 

y = r (1 — cos 0) = r vers 0, J 

where denotes the variable angle DCP, and r the radius CD, 
Since the centre of the wheel is vertically over D, 

V = the time-rate of OD 
= d{r0)/dt = r'd0/dt, 
.'. d0/dt = v/r. 

Differentiating equations (1), by (2) we obtain 

dx/dt= v vers = the velocity horizontally, 
dy/dt = t? • sin ^ = the velocity vertically. 

d8 
dt 



(1) 



and 



(2) 

(3) 
(4) 



' ^l{s)' * iS-)' 



= t? V2 (1 — cos 0) = vy/2y/r 
= the velocity of P along its path. 

AtO,0 = O, andf = f = ^ = 0. 
' ' dt dt dt 



(5) 



r 



AtR,0 = -» 



AtJET, ^=ir. 



> 






dx_dy_ 
dt~ dt~ ^' 

cZx d« « 
— = — = 2 r. 






- ! { -6-^;! 






1/ 



THE CYCLOID. 37 

From (6) we obtain 



ds/dt : V = '^2r'y : r. 

Hence, the velocity of P is to that of C as the chord DP is to the 
radius DC ; that is, P and C are momentarily moving about D with 
equal angular velocities. 

25. Find the subnormal and the normal of the cycloid. 

Subn. = r sin ^ = P-ff = i^D. 

Thus the normal at P passes through the foot of the perpendicular 
to OM from C. Hence, to draw a tangent and normal at P, locate 
(7, draw the perpendicular DCB equal to 2 r, and join P with B and 
D ; then PB and PD will be respectively the tangent and the normal 
at P. 

Normal = DP=^ y/DB-DH = V2r-y. 

26. Eliminating 6 in equations (1) of example 24, find the equation of 
the cycloid in the form 

X = r vers-i (y/r) if ^^ry — y\ 

27. The equation of the tangent to the cycloid is 

y-y'- V(2r-yO/y'(«-a^O. 

28. A vertical wheel whose circumference is 20 ft. makes 5 revolutions 
a second about a fixed axis. How fast is a point in its circumference 
moving horizontally when it is 30° from either extremity of the horizontal 
diameter ? ^i^. 50 ft. a second. 

29. What is the slope of the curve y = sin « ? Its inclination lies be- 
tween what values ? What is its inclination at x = ? What at x = 
ir/2? 

The slope = cos x ; hence, at any point, it must be something be- 
tween — 1 and + 1 inclusive. Hence, the inclination of the curve 
at any point is something between and ir/4, or something between 
3 ir/4 and ir inclusive. 

30. Find the equation of the tangent to the curve y = sin x ; y = tan x ; 
y = sec X. 



-'»..-.'> 
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MISCELLANEOUS EXAMPLES. 



1. y = logtan-ix. 

2. y = (X + Vl — x2)». 



10. y = e«*sin*»rx. 

IL y = log {log (a + 6x»)}. 



\(H- 



-X2 



(1 + X2)8 



12. y = 



Vl + X2 + Vl - X2 
VH- X2 - Vl-X2 



(sin wx)™ 

4 y —- — * 

(cos mx)» 

5. y = e^tan-ix. 

6. y = sin— 1 — p=r-* 

Vl3 

7. /(x) = e<«+^)*sinx. 

8. y=-Y3^ + log(l-x). 



In example 12 rationalize the 
denominator before differentiating. 

13. /(x) = (a2 + x2) tan-i - • 

14. y = Vl — x2 sin-J X — x. 



15. y = tan-i _ -j- w 
a 



j x — a 
\x + a 



9. y = sec-i 



a 



Va2 — x2 



16. y = 



Vx2 + 1 + X 

Vx2 + 1 - X 



17. y = 



Vx2 + a2 4- Vx2 + 62 



Vx2 + a2 - Vx2 + 62 

dy __ 2x /2 4- / x2 + g^ , /x2 + 62 v 
dx a2-62i^ \x2+62 ■\x2 + a2/ 



18. y = log ( Vl + x2 + Vl - x2). 



19. /(x) = (X - 3) e2^ + 4xe^ + X + 3. 



20. y = log (2x — 1 + 2 Vx2 — x — 1). 



dx X ^ Vl — x*/ 



. 2^ = l^g(rf) 



21. y = 



l + x\i/* tan-ix 



X 



22. X = e y . 



dy __ 


1 




dx 


Vx2 ~ X - 


i 


dx 


X2 

1-x* 




dy _ 


X — y 





dx X (log X + 1) 



Here logx 



y 



23. y = 



MISCELLANEOUS EXAMPLES. 39 

X2 



1+-^ 



aj2 

1 + 



Herey 



1 + etc. to infinity. 
1 + y' 



24. y = log(x + Vx2-a2) + 8ec-i-- ^ = lJ^±«. 

^^ - Vi — x2 + aJ^^ d2/ "^^ 

25. y = log . — = , , 7= 

Vl-x2 dx (Vl-x2 + x^^){l-xa) 



„ T ^/Vn-x2 + x dy 

26. y = log^ - -^- 



Vl + x2 - X dx Vl + x2 

Here y = log ( vT+x2 + x). 



^ , /2x2 — 2x + l , , , 2x dy Sx* 

^- 2^=^"^\2x2+2x+i+^^ r^2ir2' ^^X^TX 

«^ , a . , /x — a di/ 2 ox* 

^^ . 1 aj tan e dy a^ tan ^ 1 

29. y = sm-i— 7=* -^ = = 

va2 — x2 dx a2 — x2 Wa^ — x^aec^e 

30. y = log|ex(^ T 



dx x2 — 4 



/ 



CHAPTER III. 

FBOBLEM OF BATES SOLVED BT LIMITS. 

53. Limit. When according to its law of change a vari- 
able approaches indefinitely near and continually nearer a 
constant, but can never reach it, the constant is called the 
limit of the variable. 

It is assumed that the reader is familiar with the elementary theorems 
of Limits ; but for convenience of reference we state them below : 

1. If two variables are equal, their limits are equal. 

2. The limit of the sum, or product, of a constant and a variable is 
the sum, or product, of the constant and the limit of the variable. 

3. The limit of the variable sum, or product, of two or more variables 
is the sum, or product, of their limits. 

4. The limit of the variable quotient of two variables is the quotient 
of their limits, except when the limit of the divisor is zero. 

64. Notation. The sign = denotes "approaches as a 
limit." Thus, Ax = is read " Aa; approaches zero as its 
limit." 

The limit of a variable, as z, is often written It («). 

. ^^! r^\ T^ L OT It-^f denotes lt( -^ J when Ax = 0. 

^^- Ax = oLaxJ -dx L^^J 

Let v', x\ and y' denote any corresponding values of v, a, 
and y^ from which Av, Ax, and Ay are estimated. Let the 
rate of v be the unit of rates ; then evidently 



A^ 

At; 




the i;-rate of y at some value of y 
between y^ and y* + ^y 



}• (1) 



LIMIT 01^ AF/AX 41 

.'.It (Ay/ Av) = the v-rate of y at the value y'. (2) 

Also It (Aaj/Av) = the v-rate of x at the value x'. (3) 

Dividing (2) by (3), we obtain, in general, 

limit FAy"! _ the v-rate of y ... 

Ax = \_^J " the v-rate of x ^ ^ 

Comparing (4) with (1) of § 12, we obtain [33]. 

To illustrate (1) and (2), let s denote the number of feet a falling body 
descends in t seconds. Let s^ and if denote any corresponding values of 
8 and i, from which As and At are reckoned ; then, evidently. 

As __ r the time-rate of s at some value of s 'I 
At "" I between s' and s' + As / 

.*. It (As/ AQ = the time-rate of s at the value sf, 

EXAMPLES. 

By § 53 and [33] of § 55, prove 

1. d (uy) = ydu + udy, or formula [7]. 

Let z = uy, and let x' represent any value of x, and rt', y', and zf 
the corresponding values of u, y, and z, respectively ; then 

z" = uy, (1) 

When X = x' + Ax, u = u' + Am, y = y' + Ay, and z = z' + Az; 

hence 

z' + Az = (u'+ Am) (y" + Ay) 

= mV + y'^w + w'Ay + AMAy. (2) 

Subtracting (1) from (2), we obtain 

Az = y'AM + M'Ay + AMAy. (3) 

= j^ltg + lt{«' + A«).ltg- 
dz _ .du , ,dy , ^ ,«„, 
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Hence, as x' is any value of x, we have, in general, 

dz = d (uy) = ydu + udy, or [7]. 

If in [7] we put for y the constant a, we obtain 

d(au) = adUj or [4], 

If in [7] we put vw for m, we obtain 

d (vwy) = wydv + vydw + viody, or [8]. 

2. d(u + y + z + a) = du + dy-^ dz, or [3]. 

Let v = u-\-y + z + a; 

then Au = Au + Ay+Az. 

.-. It -— = It - — h It — ^ + It -- • 
Ax Ax Ax Ax 

do __ du dy dz ^ 
" dx~ dx dx dx 

.'. dv = d{ii'\-y + z + a) = du-\- dy-\' dz. 

3. Jiy = Zj dy = dz, or [1]. 

If y = Zy Ay = Az. 

Ax Ax* " dx dx 

4. Aa = ; .-. da = 0, or [2]. 

5. d(u/y) = (ydu — udy)/y^y or [9]. 

Let v = u/y; 

then A» = , . , ; = ^ ,„ . — 7—^ • 

y' + Ay y' 2/'2 -j. y'^y 

6. Assuming the binomial theorem, prove : 

d(u^) = nu^—^du, or [13]. 

56. By [33] of § 55 the problem of rates is reduced to one 
of limits. By theorems proved later in this chapter, proofs 
by limits are very much abbreviated. 
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The reader should note that we cannot write 

Ax - It (Aaj) - ^^ 

For any proof of the principle applied in (1) fails when the 
limit of the divisor is zero. Moreover, the determinate expres- 
sion It (Ay /Ax) cannot be identical with the indeterminate 
expression 0/0. 

To find It (A?/ /Air), we find the limit of an equal variable, 
as in the examples of § 55 ; or we find the limit of some 
variable which, though not equal to Ay/ Ax, has the same 
limit, as in § 63. 

The theory of limits never gives rise to the form a/0, or to 
any of the indeterminate forms 0/0, etc. 

57. Derivative as a limit. By § 29 and [33] we have 
It (Ay/ Ax) = the derivative of y with respect to x. 

Or, since Af(x) =f(x + Ax) —f(x), we have 

It (Ay/ Ax), or dy/dx, is often denoted by D^. 

58. Infinitesimals. Zero is defined by the identity 

a — a = 0. 

An infinitesimal is a variable whose limit is zero. 
Hence, Ax = may be read " Ax is an infinitesimal." 
In approaching its limit zero, an infinitesimal becomes in- 
definitely small and continually smaller, but it never equals 
zero. Any small quantity becomes an infinitesimal when it 
begins to approach zero as its limit, not when it reaches any 
particular degree of smallness. A quantity, however small, 
which does not approach zero as its limit is not an infinitesi- 
mal. 
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Infinitesimals are indefinite variables used as auxiliaries in the study of 
finite quantities. Their essence and utility lie in their hamng zero as their 
limits and not in their smcUlness. The reader should not make the study 
of them difficult and obscure by thinking of them as mysteriously small. 

59. An infinite is a variable which under its law of change 
can exceed all assignable values, however great. The general 
symbol for an infinite is oo . The reciprocal of an infinitesimal 
is an infinite, and conversely. 

For example, when a: = 0, l/x = oo; that is, when x is an infinitesi- 
mal, 1/x is an infinite. 

When ^=5=0, cot (± ^) = ± 00, and tan {7t/2 zfd) = ±co. 
When X = 0, logx = — 00 . 

An infinite does not approach a limit ; in arithmetic value 
it increases without limit. 

60. Geometric meaning of It (Ay /Ax). Let mn be the 
locus of y =f(x)y FF' a secant, and FD a tangent at F. Draw 

the ordinates MF and iVP', also 
FC parallel to OX. 

Let 0M= X, and MN = Ax ; 
then MF = y, and CF' = Ay, 

Hence, Ay/Ax= CF'/FC = t'he 
slope of the secant FF'. 

Conceive the secant FF' to re- 
volve about F so that 

arc PP' = 0; then Aa; = 0, Ay = Oy 

and the slope of the secant = the slope of the tangent at P. 

Hence, It (Ay /Ax) = the slope of the curve y =f(x) at 
the point (x, y). 

Cor. If when Ax = 0, Ay / Ax varies, the locus of y =f(x) 
is a curved line, and in general Ay /Ax approaches a limit ; 
but at a point where the locus is perpendicular to the a;-axis 
Ay / Ax = 00 when Ax = 0. 




/ 



/ 



/ 



/ 
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61. The limit of the ratio of an infinitesimal arc of any 
plane curve to its chord is unity. 

Let s represent the length of the arc mP (§ 60, fig.), and 
arc PttP' = As; thenP(7 = Aa;. 

Since s is a function of x, we have 

It (A5 / Ax) = ds/ dx, (1) 

But It (chord PP'/ Ax) = It (sec CPP") 

= sec BPD = ds/dx. (2) 

Dividing (1) by (2), we obtain 

""^*f ^ .-]=1. (3) 



A5 = Lchord PP' 



CoR. Let u and s have the same meanings as in § 38 ; then -«,/ 

limit r u 1 __ limit f 2s "I _ limit r 2 ■ XP l _ ' '^ *^ 
u^ol^sinuj s=0.\_2smuj~ XP = o[_2'CPJ~ 

That is, the limit of the ratio of an infinitesimal angle to its 
sine is unity, 

62. The limit of the ratio of two variables is not changed 
when either is replaced by any other variable the limit of whose 
ratio to it is unity. 

Let a, tti, )3, and /3i be any four variables, so related that 
lt^ = l, lt| = l, and lt| = c. <1) 

»1 Pi H 

a a Ui pi Oil CL pi 

•■•■'i=>'i;"^>'|="S' "^w 

in which a is replaced by ai, and 'fi by Pi, without changing 
the l\mit. 

Tms principle often enables us to simplify a problem of limits by sub- 
stituting for an infinitesimal arc its chord^ as in the following article. 
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63. Subtangent, subnormal, tangent, normal, in polar 
curves. Let arc mP = s, and arc FD = As ; then Z POD = AO, 
circular arc PM= pAO, and MD = Ap. Draw the chords PM 
and PD, the tangents BPH and TPZ, and ZH perpendicular 
to PHf Z being any point on the tangent PZ, 

When A5 = 0, the limiting positions of the secants PM and 
PD are the tangents RPH and TPZ, respectively ; hence/ 

It (Z PMD) = Z RPK= IT 12 = Z PIfZ, 

It (ZODP) =ZOPT = il, =ZBZP, 

and It (Z MPD) = Z HPZ. 




Again, by §§ 61 and 62, and trigonometry, we have 

MD 



lt^ = lt- 

As chord PD 



_ s in MPD 
"sin PMD' 






• • 



(1) 
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,,pA^ ,^ chord JfP .^sinJfDP 
Also, it ^=-— = It -T — , p^ = It — — TTTT^ ; 

' As chord FD sm FMD ' 

From (1) and (2), it follow^ that, if 

ds = FZy dp = HZ and pdO = HF. 

Draw OT perpendicular to OF, and FA and ON perpen- 
dicular to the tangent TF, Then the length FT is called the 
polar tangent; FA, the polar normal; OA, the polar subnor- 
mal; and OTj the polar subtangent. 

From the right-angled triangle HFZ we have 

d^ = dp^+_pW) (3) 

odd dp ^ pdO ... 

sm,A = ^' cos,A = ^> *^^'^ = V ^^ 

' Polar subt. = OT = OF tan i/r = pW/dp. (5) 

Polar subn. = OA = OF cot i/r = c^p/c^^. (6) 



C?^2 



Polar tan. = FT = VOF^Tor' = pJl +p ^ .^ 

Polar norm. = AF = \^0F^-\- OA^ = Jp^ + ^ . 
p=ON= OP sin 1^ = pHe/ds 



(7) 



(8) 



.2 



_ — ■ ^ /o^ 

:^P^ + (dp/dey . ■ -/ 

<t> =^ iff -\-e. -(10) 

Cor. li FZ represents the velocity at F of (p, ^) along the 
line of its path, HZ and FH will represent its component 
velocities at F along the radius vector and a line perpen- 
dicular to it. 
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EXAMPLES. 

1. Find the subtangent, subnormal, tangent, normal, and p of the 
spiral of Archimedes p = aO. 

Ans. subn. = a ; subt. = pya; norm. = Vp ^ + o^ ; ^ 
tan. =pVl + pVa^; P = />^/|(p2 + a2). . 

2. In the spiral of Archimedes show that tan ^ = ^. 

3. Find the subtangent, subnormal, tangent, and normal of the 
logarithmic spiral p = a^. 

Ans. subt. = p/\og a ; subn. = p log a ; 

tan. = p Vl + (loga)-2 ; norm. = p Vn- (loga)^. 

4. In the logarithmic spiral, show that f is constant. 

Jia = e, \f/ = 7t/4, subt. = subn., and tan. = norm. 
Since the logarithmic spiral cuts every radius vector at the same 
angle, it is often called the equiangular spiral. 

5. Find the subtangent, subnormal, and p of the lemniscate of 
Bernouilli p^ = a^ cos 2 6. 

Ans, subt. = — p^/a^ sin 2 ^; subn. = — a^sin 2 0/p. 

P = p'/ ^P* + a*sin22 ^ = p^/a^, /t . fg,^ 

v/ 6. In the lemniscate show that j^^^^S^ and ^ =A^( ^ "^ ^^ I ^ 

\/ 7. In the curve p = a sin^ {6/S), show that = 4^. 

]y 8. In the parabola p= a sec^ (^/2), show that + ^ = ;r. 

9. The velocity of a point along the spiral p = a^ is » ; find its com- 
ponent velocities along the radius vector and a line perpendicular to it. 

10. By the method of limits (§ 60, fig.) prove that, \iPB = dx,BD = dy 
and PD = ds, where s = mP. 

64. Orders of infinitesimals. Any variable which is 
neither an infinitesimal nor an infinite is called a finite 
variable. 

Two infinitesimals are said to be of the same order when 
their ratio is a constant or a finite variable. 
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For example, when Ax = 0, 7 Ax and (5 a + 0)Ax are infinitesimals of 
the same order ; so also are 9 (Ax)2 and (8 x — 7) (Ax)2 ; so also are Ay 
and Ax when It (Ay /Ax) is other than zero. Again, when 6 = it/ 2^ 
1 — sin 6 and cos^^ are infinitesimals of the same order ; for 

limit r l — sing -| __ limit r 1 n _ 1^ 

In order to classify the infinitesimals in any problem as 
belonging to different orders, we choose some one of them as 
the principal infinitesimal, and adopt the following definitions: 

An infinitesimal is of the first order when it is of the same 
order as the principal infinitesimal ; of the second order when 
it is of the same order as the square of the principal infinitesi- 
mal ; and so on. 

In general, an infinitesimal is of the nth order when it is of 
the same order as the nth power of the principal infinitesimal. 

Thus, when Ax is taken as the principal infinitesimal and It (Ay /Ax) 
is other than zero, Ay is an infinitesimal of the first order ; 5 x (Ax)2 and 
7 yAyAx are infinitesimals of the second order ; 7 y (Ax)^ and 4 x (Ax)2Ay 
are of the third ord^r; and y(Ax)'» and x2(Ax)'»-"» (Ay)"» are of the nth order. 

65. Notation. Let Vi, Vz, * • •, v„ represent finite variables 
or any constants except zero, and let i represent the principal 
infinitesimal ; then Vii, v^^, • • •, v^^ will represent respec- 
tively infinitesimals of the first, the second, • • •, the nth order. 

According to this notation, Ax = i is read " Ax is the principal infini- 
tesimal"; 6xAx = m is read "5xAx is an infinitesimal of the first 
order"; 1 xAxAy = V2i^ is read "7xAxAy is an infinitesimal of the 
second order"; and so on. The subscript need not be written with 
the first V which appears in any problem or discussion. 

A finite quantity may be regarded as an infinitesimal of the 
zero order ; for x = xiP and vi^ = v, 

Ex. If ^ = i, 1 — cos ^ = vi^, 

limit rl — cos ^n limit rl — cos 6" 



For 





mit ri — cos^Hj limit rl — cos^l «« ^- ^^ 

limit r — 1 — n 1. 
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66. Geometric illustration of in- 
finitesimals of different orders. 

Let CAB be a right angle inscribed in 
the semicircle CAB^ BD a tangent at B, 
and AE a perpendicular to BD, From the 
similar triangles CAB, BAD, and AED we 
have 

AD : AB=AB:AC; .-. AD = {I /AC) Iff ; (1) 

and DE:AD = AB:BC; .-, DE = (l/BC) -AD- AB. (2) 

Suppose A to approach B, and let -42? = i ; then, from (1) and (2), 




AD = {l/AC)'i^ = vi% 
and DE = (1 /'bC) • vi^ • i = Ugi^. 

67. Orders of products and quotients. 

The order of the product of two or more infinitesimals is equal 
to the sum of the orders of the factors. 

For vi"^ • v^i"* = vVjjfi' + "». 

The order of the quotient of any two infinitesimals is equal 
to the order of the dividend minus the order of the divisor. 

For viJ^/vJr = (v/v^ *"-"». 

68. If the limit of the ratio of one infinitesimal to another is 
zero, the first is of a higher order than the second; and con- 
versely. 

For \t{vi^/vj"') = It l(v/v^) i"-*"] = 

when, and only when, n > in. 

Cor. If the ratio of one infinitesimal to another is infinite, 
the first is of a lower order than the second. 

69. If the limit of the ratio of two variables is unity, their 
difference is an infinitesimal of a higher order than either; 
and conversely. 
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I >. 



L V. 



:n 



Let a = fi -b €', 

then It (a//3) = 1 + It (e//3). 

If lt(a/^) = l, lt(c/^) = 0; 

hence, by § 68, c is of a higher order than fi. 

Conversely, if c is of a higher order than ^, 

lt(c/^)=0; .\lt(a/p) = l. 

CoR. If arc FF' = i, arc FF' = chord FF' + w*, where 
n>l. 

Also, if angle u = i, u = sin u + vi% where ti >• 1. § 61 

70. From sums of infinitesimals of different orders, all infini- 
tesimals of the higher orders vanish in the limit of a ratio. 



For It ^f + r^+Tlf ' =^t^-- fe^«»*>§62 0/ 

v'l + v'^i^ + v\i^ + • • • v't ^ y [/ 



This principle of limits often greatly shortens the opera- 
tion of finding the limit of a ratio, and together with [33] of 
§ 55 furnishes the following simple 

71. Rule for differentiating a function. 

(1) Fi7id the value of the increment of the function in terms 
of the increments of its variables, 

(2) Supposing the increments to be infinitesimals of the first 
order, in all sums drop the infinitesimals of the higher orders, 
and in the remaining terms substitute differentials for incre- 
ments. 

For by § 70 the infinitesimals of the higher orders in a sum 
will vanish in the limit, and by [33] of § 55 differentials will 
take the place of increments in the remaining terms. 

CoR. Anticipating, in step (1), the result of step (2) we 
need to express exactly only those terms of A/(w) which are 
linear in Aw. (See examples 7-11.) 
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w, y, * • • being different functions of x, by § 71 prove 

1. d {uy) = ydu + udy, or [7]. 

A {uy) = (w + Au) (y + Ly) — uy § 8, example 3 

= yAw + wAy + AwAy. 

Let Ax = i ; then Ai/A^ = vi^. Hence, dropping AuAy, and sub- 
stituting d{uy), du, and dy, respectively, for A{uy), Aw, and Ay in 
the remaining terms we obtain [7]. 



. -. ^ _ M + Am w __ yAu — uAy 



) 



2. d{u/y) = {ydu — udy) /y^, or [9] 

\y)~y + Ay y~ y^ + yAy 

yi = ujo^ and yAy — Xi\i ; hence, in the sum y^ + yAy^ by (2) of 
§ 71, we drop yAy, Substituting differentials for increments in the 
remaining terms, we obtain [9]. ^ 

1 

3. d {av) — adu, or [4]. 5. Formula [8]. ^ 

4. Formula [3]. 6. d(M»») = nM"-idM, or [13]. 

A {u") = (m + Am)» — M» 

= nw**— lAw H — ^-TT — ^ M»— 2^it2 + • • •. 

.\d{u^) = nu^—^du, 

7. (f sinw = cosMdw, or [17]. 

A (sin w) = sin {u + Am) — sin w 

= cos u sin Am + sin u cos Am — sin m by Trig. 

= cos u {Au — wi») — (1 — cos Am) sin u. § 69, Cor. 

= cos U' Au — vi^' cos M — V2i^ sin m. § 65, example 
.*. c2sinM = cos M^M. 

In obtaining the value of A(sinM) we express exactly only those 
terms which are linear in Am ; for by § 70 all the other terms vanish 
in the limit. 

8. d cosM = — siuMdM, or [18]. 9. ds = Vdz^ + dy^. 

Let A3 = arc PR = i; § 60, fig. 

then As = c hord PP" + ui», where n > 1, § 69, Cor. 

= V Ax2 + A?/2 + t7i». 
... d8 = V(to2 + dy^ 
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10. Find the differential of the area between the x-axis, the curve RP^ 
OTy = f(x), the fixed ordinate HR, and the variable ordinate MP, or y. 

Let P be any point (x, y) on the 
curve. 

Conceive the area HRPM as gener- 
ated by the ordinate MP, or y, and 
denote this area by A. 

Let MB = Ax ; then Ay = DP", 

and AA = MBP'P = y Ax + PDP". 

Let Ax = i ; then, since 

PDP'<AxAy, PDR^vi^ 

Hence, AA = yAx + vi^ ; 

.-. dA = ydx. (1) 

If dx = MB, dA = MBDP. 

From (1) the x-rate of -4 is y to 1 of x. 

• 11. Find the differential of the area of a polar curve. 

Let OB be any fixed radius vector, 
and P any point (p, 6) on the curve BPh 
referred to the pole and the polar axis 
OX. Conceive the area BOP as gener- 
ated by the rotation of the radius vector 
p, and denote it by A, 

Let Z. POP" = A^, and draw the cir- 
cular arc PD with as a centre ; then 
Ap = DP", pAe = PD, 

and AA = OPP" = OPD + DPP" 

= ip^A9+DPP'. 

. Let A^ = i ; then, smce DRP < pAB - Ap, 

DPR = I?i2. 
Hence, AA = i p^A0 + vi^ ; 

,'.dA = \pHe. (1) 

Ude= Z.POP', dA = the circular sector OPD, 
From (1) the ^rate of A is p^/2 to 1 of ^. 

12. Prove the theorem in § 70 by § 63. 

13. If an infinitesimal be multiplied or divided by any finite quantity, 
the order of the infinitesimal is not changed. 
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72. Orders of infinites. The reciprocal of an infinitesimal 
of any positive order is an infinite of the same order ; hence, 
the different positive orders of infinites may be regarded as 
negative orders of infinitesimals ; and conversely. 

According to the notation in § 65 we may write the different 
positive and negative orders of infinitesimals as below: 

v_Jr^, • • •, v_2i~% ^-i*~S ^*^ ^i^S ^2^^ • • • V"? (1) 
where the negative orders of infinitesimals are positive orders 
of infinites. 

Let CO = i-'^i then the series in (1) becomes 

where the negative orders of infinites are positive orders of 
infinitesimals. 

Infinitesimals and infinites of all orders are variables whose 
general laws of combination are the same as those of finite 
quantities. 

An infinite or an infinitesimal of the zero order is a finite 
quantity. 

CoR. The product of an infinitesimal and an infinite of the 
same order is a finite quantity ; for 

When i is indefinitely small each term in (1) is indefinitely 
small in comparison with the one which precedes it, but indefi- 
nitely large compared with the one which follows it. 

73. oo'* '0 = 0, where n is any positive number. 

Let cci"' = v, (1) 

where neither v nor its limit is zero, and 7n is any positive 
number. 

Since i"^ • = 0, it evidently follows that 

00" • = 00" (t"« 0) = (oci"»)" • 

= v" • = 0. by (1) 

By Cor. of § 72, oo in (1) denotes an infinite of the mth order. 
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Cor. 00^=1 and i =*=* = !. 

For log (o©^) = log 00 

= • 00 = ; 

.-. 00^ = 1. 

Again log (1 =^ *) = ± oo log 1 

= ±00 -0 = 0; 
.-. 1=^« = 1. 

74. ap, or absolute infinity. The expression a/0 fre- 
quently occurs in mathematics. The question arises, What 
does the expression a/0 (written as one symbol op, which is 
read * a-by-zero ') symbolize ? 

Any power of an infinite expresses no part of a/0 as a 
quotient ; for, by § 73, oo** into the divisor equals 0, or no 
part of the dividend a. Since op symbolizes that of which 
no part can be expressed by any power of a mathematical 
infinite, it must symbolize that which transcends all mathe- 
matical quantity, or absolute infinity^ of which we can have 
no positive idea. 

Since op is not a mathematical quantity, it is not subject 
to mathematical laws, and the expressions 

ap/ op, fl^ • 0, ap — ap, ap^y Vfi 

are indeterminate forms. See Chapter V. 

We would naturally conclude that 

2/0 = 2(l/0),3/0 = 3(l/0), •••. 
But tan(7r/2) = 1/0, or 2/0, or 3/0, • • •. 

The inconsistency of these results illustrates the impossibility of reason- 
ing with the symbol op. 

Sometimes when one of two related variables assumes the form cp, we 
know the value of the other. 

For example, when tan 4> — ap, i.e. when tan <f> assumes the form cp, 
we know that is coterminal with 7r/2, or 3;r/2 ; and conversely. 

When cot = cp, we know that is coterminal with or n. 

If, when x = c, /(cc) =0/a = 0, the reciprocal of f(x) as- 
sumes the form a/0, or cp, when x = c. 
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75. Ill this chapter, to obtain the ratio of differentials, or 
the ratio of rates, we employ infinitesimal increments of 
variables as auxiliary quantities. The division of infinitesi- 
mals into orders affords clear and brief statements of prin- 
ciples of limits which greatly abridge and simplify the work 
of finding the ratio of differentials. In this as in the previous 
chapters, differentials are regarded as finite quantities. 

76. Limit in position. When according to its law of 
motion a point, or line, approaches indefinitely near and con- 
tinually nearer a fixed point, or line, but can never reach it, 
the fixed point, or line, is called the limit of the variable 
point, or line. 

For example, when in § 60 arc PP" = 0, the fixed point P is the limit 
of P', and the tangent PB is the limit of the secant PP". 

Whether the word limit has reference to magnitude or to 
position will always be evident from the context. 

EXAMPLES. 

1. When ic =: c, a/(x — c) = ± oo ; when a; = c, a/(x~ c) — ap. 

2. When x == 0, a/x = ± oo ; when a; = 0, a/x = ap. 

3. When = ;r/2, sec = ± oo ; when = ;r/2, sec <f> = ap. 

4. When 0=0, esc = ± oo ; when = 0, esc = cp. 

a/0j[x)^/(x) 

a/f{x)-<p(x) ^^ 

and f{x) • [a/ (x)] = af{x)/<t> (x). (2) 

If /(c) = (c) = 0, (1) and (2) become respectively 

ap/ap =0/0, and 0-0^ = 0/0. 

. Hence, any expression in x which assumes the indeterminate form 
ap/ap or O'Op for any value of x can be so transformed as to assume 
the form 0/0 for the same value of x. 

6. When Ax == 0, for what points on the locus of y =/(x) is Ay /Ax 
infinitesimal ? infinite ? finite ? 



/■ 



/ 



CHAPTER IV. 

SUGGESSIYE DIFFESENTIATION. 

77. Successive differentials. The differential of dti is 
called the second differential of u\ the differential of the 
second differential of u is called the third differential of u ; 
and so on. d (du) is written d^u ; d (dhc), oi d d du, is written 
d^u ; and so on. The figure above d denotes how many times 
in succession the operation of differentiation has been per- 
formed, dii, d^u, d^u, • • •, d^u are called the successive differ- 
entials of w. 

The dift'erential of an independent variable, being arbitrary, 
is supposed to have the same size at all values of the variable. 

Hence, when (as in this chapter) x is independent, dx is to 
be treated as a constant in successive differentiation. 

Ex. Find the successive differentials of u when u = ox*. 

du = 4 axMx ; 

(Pu = 4:adz'd (x^) = 12 ax^dx^; 
dhi = 12 adx^ • d {x^) = 24 axdx^; 
d*u = 24 adx* ; dhi = 0. 

Note that d^^ddu; du^= (du)^ ; d (u^) = 2 udu, 

EXAMPLES. 
Pind du, cPu, and dhi, when 

1. w = 5x8 + 2x2 — 3x. dhi = SOdx^. 

2. u = {x^ — Qx+ 12) e^. d^u = x^&^dx\ 

3. u — x^ logx. d^u — 2 x-^ dx^, 

4. M = log sin X. dH = 2 cos x sin— s xdx*. 
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5. u = tan X. 

6. y = log ox ; find d*y. 

7. y = e— ^ cosx ; find d^y. 

8. y = e* sin X ; find d^y. 



dhi = (6 sec*x — 4 sec^x) cte^. 
d4y= — 6x-*dx*. 
d*y = — 4 e— ^ cosxdx*. 
d^y = — 8 e* cos xdx^. 



78. Successive derivatives. The derivative of the first 
derivative of a function is called the second derivative of the 
function ; the derivative of the second derivative is called the 
third derivative ; and so on. 

When X is independent, 



d du d^u d d^u dhi 



d d 



n — 1 



U 



d^u 



= "T^' 



dx dx dx^ dx dx^ dx^ 



' dx dx""-^ dx"" 



Dividing by dx^ both members of the answers to examples 1-6 in § 77, 
we obtain in each case the third derivative of u with respect to x. 

The successive derivatives oif(x) are denoted by 

• f\x), f\x), r\x), r\x), ' • ., f\x). 

Thus if /(x) = X*, /' (x) = 4 x^, /" (x) = 12 x2, 

/'" (X) = 24 X, /'^ (X) = 24, fy (X) = 0. 

Hence, if u= f(x) and cc is independent, 

dn ^,, ^ c?^^^ ,„, . d^u ^ , V 



C^X^ 



dx' 



Successive derivatives are often called successive differential 
coefficients, 

79. The nth derivatives of some functions can be readily 
obtained by inspection. 

Ex. 1. /(x) = e^ ; find /« (x). 

/'(x) = eF, r'{x) = e^, /'''(x) = e^, • • • ; .-./"(x) = e»^. 

Ex.2. /(x) = a«^; find/«(x). 

r(x) = log a • a^ /"(x) = (log a^a', /"'(x) = (log a)H^, • • • ; 
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Ex. 3. f(x) = log (1 + x) ; fin(l/«(x). 

r(x) = (1 + x)-\ r(x) = (- 1)(1 + x)-2, 
r\x) = (- 1)2 [2 (1 + x)-8, f^^x) = (- 1)8 [3 (1 + x)-S • • • ; 

.../«(X) =(- l)n-l |yt--l (l + x)-« 

Ex. 4. /(^) = COS a0 ; find/'»(^). 

/'(^) = —a8inae = a cos (a^ + ^/2), 

/''(^) = - a2 sin {a9 + 7t/2) = a^ cos (a^ + 2 • ;r/2), 

/'''(^) = — a3 sin (a^ + ;r) = a^ cos {ad + S- it/'2). 



.-. /«(^) = a" cos (a^ + n • ^/2). 



80. Each of the successive derivatives of f (x) equals the 
x-rate of the preceding derivative. 

For f\x) = df^-\x) /dx = the aj-rate oif''-\x). 

Cor. /"~^(aj) is an increasing or a decreasing function of 
aj according as /"(a?) is positive or negative ; and conversely. 



EXAMPLES. 

1. /(x) = cx8 + ax2 + a. /'"(x) = Qc, f^(x) = 0. 
Here/"(x) changes at the rate of 6 c to 1 of x (§ 80). 

2. /(x) = x6 + 4x* + 3x + 2. /^'(x) = [0. 

3. /(x) = xlogx. /*'(x) = (— l)»-2 |n-2 xi 
Here/^-^x) changes at the rate of (— l)»-2 |n--2 x^-*» to 1 of x. 



. — n 



4. /(x) = ax"». 

5. /(x) = x8 log X. 



/"(x) = am (wi — l)(m — 2) • • *{m — n+ l)x"»-'». 



6. y = log(e* + e-^). 

7. /(x) = ix8(logx-6/6). 

8. /(x) = (x2-3x + 3)c2« 

9. /(x) = jc* log X. 



/i^(x) = 6x-i. 

/'"(x) = 8x2e2^. 
/Ti(a;)=-[_4x-«. 
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10. f(x) = X'. f'\x) = x^ (1 + log xY + x«^- 1. 

x8 d'^y 24 

1 1 7/ = • — = • 

*^ 1-x dx* (l-x)5 

12. /(x) = e«^. /'»(x) = a»e«a!. 

13. /(^) = sin a ^. /"(i?) = a» sin (a^ + n • ;r /2). 

14. /(x) = (1 + x)«. /«(x) = m (m — 1) • • • (771 — n + 1)(1 + x)"*-" 

2-x d'»y (-l)'»4[n 

^ ^ 2+x dx" (2 +x)«+i 

_ 6x-l . (i«y_ -6(-l)''3»[n 

^ 3» + 2' (to" {3x + 2)"+i 



18 v = —^ *:y = /_n„2«|„ / 1 I \ 

'' 4x^-1 dx" ^ ' Li' -^(2 X -!)»+» (2x+l)»+»J 

j^^j = (2x-l)-i-(2x + l)-i. ^ 



Prove each of the following differential equations : 

19. When u = Vsec2x, dhi/dx'^ = Su^ — u, 

du sec 2 X tan 2 x 



dx Vsec 2 X 



= w tan 2 X. (1) 



.-. 3-x = tan 2 X — + 2 M sec^ 2 x. 
ax2 dx 

= Mtan22x4- 2wsec22x. by (1) 

= u (sec2 2 X — 1) + 2 u sec^ 2 x = 3 u^ — w. 

20. When u = c* sinx, 0-2^ + 2w = 0. 

21. When m = a sin (logx), x^ -^-z -{• x :=- + u = 0, 

ax^ ax 
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22. When 2^ = ef^aimnx, 3^ — 2c-/ + (c2 + m^)y = 0, 

dx^ dx ^ ' 

d^y du 

23. When y = sin (sin x), -j^ + -^^ tanx + y cos^x = 0. 

24. When w = cos (a sin-^x), (1 — x^) ^-r — x 3- + a^u = 0. 

25. When w = (sin-i x)2, (1 - x2) ^ - x ^ = 2. 

26. Wheny = ^(e^/« + e-^/«),g = ^- 

Of each of the following implicit functions obtain that derivative which 
is given at its right : 

27. If y2 = 2xy — c, dhj/dx,^ = c/(x — yy, 

d(y^) = d(2xy^^ ...| = ^. (1) 

, X dy (dy , \ dy 

^^ (y-x)^-y(^-l) ^ y-x^ 

• * dx2 (y - x)2 {y - x)2 ^ ^ 

Prom (1), (2), and the given equation, we obtain 

cg2y _ y2 — 2 xy _ c 
<to^ ~ (y — a;)'* ~~ (ic "" y)^ 

28. If y2 = 4px, d^y/dx^ = 24p8/y6. 

d2//dx = 2p/y; 

d^ _ -2p{dy/dx) __ _ 4p?^ ,^: 

dx2 y2 y8 



cg8y_ 12y^^(dy/dx) _ 24p8 
dx^ "" 2/® y^ 

29. If x2 + y2 = ^2^ d^y/dx^ = — r^/y^. 

30. If 2/8 = a2x, c^y/dx^ =—2 a^/9y^, 

31. If x2/a2 + y2/62 = 1^ (i2y/dx2 = - &*/a22/«. 

32. If x2/a2 — 2/2/52 = 1^ d^y/dx^ = - 6*/a22^. 



% 
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33. Uy^=-^-,^=± , ^"^ - 
2a — xdx^ vx(2a — x)6 



34. If x2/8 + 2/2/8 = ^2/8^ d^/dx^ = a^n/Zy\nx'^i\ 

35. If 2/2 — 2 axy + x2 = c, 

d^ __ (gg— l)(y2 — 2agy + a2) _ c(a2 — 1) 
dx2 (y — axY (V — ««)* 

36. If 2/8 + x8 = 3 oajy, d2y/cte2=— 2 a^xj// (2/2 — a»)8. 



dx2 x2(y— 1)8 



81. Leibnitz's theorem is a formula for the nth differential 
of the product of two variables. 

Let u and v be functions of x ; then 

d(uv) =dU'V -{-u dv, (1) 

In general, du and dv will be functions of x ; hence, 
cP (w v) = d^u ' V -\- du dv -\- du dv -\- u d^v 

= d^u 'V -{'2dudv -{- u d^v. (2) 

.-. (P(uv) = c?^i^ . v + 3d^udv-^3 dud^v -^ucPv. (3) 

The coefficients and the exponents of operation in (2) and 
(3) follow the laws of the coefficients and exponents in the 
Binomial Theorem. However far we continue the differen- 
tiation, these laws will evidently hold ; hence, we have 

n (n ^~' 1^ 
d^(uv) = d^u* V -\-nd^'~^udv -\ — ^-r^ — ^ d^~^ud% + • • • 

+ ndu d^^^ V + u d^, (4) 
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EXAMPLES. 

1. Findd5(e«^«2). 

Here u = e^, d"u = a^e^ dx*^ ; 
and v = x^, dv = 2xdXy d^v = 2 dx% d^v = 0. 

Substituting these values in (4), we obtain, "when n = 6, 
d^(e^x^) = {a^e^ • a;2 + 6 • a*e«« • 2x + 10 • a^e^ • 2)dx^ 
= a^e^. (a2x2 + 10 ox + 20) dx^, 

2. Find d^{x^ sin ax). 

Here w = sin ax, d"M '= a" sin (ox + n • tt / 2) dx^ ; 
and u = x2, dij = 2 x dx, d'^ = 2 dx^, d^^ = 0. 

Substituting these values in (4), we obtain 
d^ (x2 sin ox) /dx" = x^a" sin (ox + n • ;r/2) 

+ 2 wxa"-! sin [ox + (n — 1) ^/2] 

+ 71 (n — 1) a»»-2 sin [ox + (?i — 2) 7t/2]. 

3. d« (xe^) = e^(x + n) dx». 

4. d» (x2e«^) /dx" = a'»-2 e«a: [^2352 + 2 anx + n (n — 1)]. 

5. d** (x2a*) = a^ (log a)»- 2 [(x log a + n)2 — n] dx» 
I 6. d*»(x2 logx) = 2 (— l)'»-i |n — 3 x2-»dx». 

82. Acceleration is the time-rate of the velocity v. 
Hence, if s = the distance, and a = the acceleration, 

__ds __ d ds _d^s 

EXAMPLES. 

1. A point moves along the arc of the parabola y^ = ipx with the 
constant velocity «' ; find its acceleration in the direction of each axis. 

From example 20 of § 36, we obtain 

dx_ yv^ dy _ 2pv^ 

dt Vy2 + 4p2 <^ V2/2 + 4p2 

d2x'_ Sp^v"^ d2y _ 4j?2yp^ . 

•'* di2 (2/2 + 4p2)2' cUf^ (y2 + 4^2)2 ' 
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The velocities in the directions of the axes are the time-rates of x 
and y in the first quadrant. 

Since d?x/dJ^ is positive, the velocity in the direction of the x-axis 
continually increases. 

Since for y positive d^/dt^ is negative, the velocity in the direc- 
tion of the y-axis is constantly decreasing. 

2. Find the accelerations required in example 1, "when the path of the 
point is 

(1) an arc of the circle x^ + y'^ = r^, 

x^ ifl 

(2) an arc of the ellipse ~^ + ^ = 1» 

X^ 2/^ 

(3) an arc of the hyperbola -^ — ^= 1. 

3. If s denotes the number of feet a body falls in t seconds, and 
g = 32.17, 3 = g1^/2 is the law of falling bodies in a vacuum near the 
earth's surface ; find the velocity and the acceleration. 

Ans. V = ds/dt = fft; a = d^s/dP = g, b. constant. 

4. Given 8 = ct^^^; find v and a at the end of four seconds. 



/ 
/ 



CHAPTER V. 

INBETEBMINATE FOBMS. 

83. The value of a function of x ior x = a usually means 
the result obtained by substituting a for x in the function. 
When, however, this substitution gives rise to any one of the 
indeterminate forms 

0/0, c^/c^, O'C^, ap — ap,^^, op'', W>, 

the definition given above is inapplicable and must be enlarged 
as below : 

The value of a function for any particular value of its 
variable is the limit which the function approaches when the 
variable approaches this particular value as its limit. 

This definition is of general application, but it is practically 
useful only when the ordinary and simpler definition fails. 

f(x) is often written without the parentheses, as fx. 

The expression /aj]^ denotes the value oifx when x = a, 

EXAMPLES. 

By principles of limits prove that 

1. (x-a)i/V(«2-a2)i/*]« = 0. 

When X = a this fraction assumes the indeterminate form 0/0. 
Hence, to evaluate it for x = a we must find its limit when x = a. 
For values of x other than a, we have 

(X - aY /8 _ (X — a)^^i2 _ (a? — a)^^^^ 

(x2 — a'^)i/* - (X — a)8/i2 (a- 4. a)i/4 = (x + a)i/* * 

limit r (x-a)i/8 -[ _ YvaixX. r (x- 0)^12 -1 ^ _o_ _ ^ 
That is, the given fraction equals zero when x = a. 



I* 
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^- X2 



-ada 2 * x8-lJi~3' 



(a2-xy/2+(a-x) 1 _. V2a 
(a-x)i/2+ (a3-x8)i/d" l + aVs 

5. (1 — cos^)/8in^]o=0. 

For values of B other than zero, we have 

1 — cos^ 2sin2(^/2) , e 

' ^^ — '- — i:r raji — • 

sin ^ - 2 sin (^/2) cos (^/2) ~ 2 
limit rl — cos^l limit r ^n 

•••.=oL'^ii^J = ^=oh°2j=^- 

84. For evaluating a fraction when it takes the form o/o, 

the Calculus furnishes the following theorem ; 

When ^ assumes the form ;: > ^ = 'hr- 

By [33] of § 55, the limit of the ratio of increments equals 
the ratio of differentials ; hence, 



limit r f(x-h^x)-fx l __ f'x ■ dx _ fc 
X = \_<l> (x + Aa;) — KJiXj <l}'x • dx <l}'c 



Substituting a for x and remembering that fa = <l>a = 0, we 
obtain 



imit r f(a-h^x) l_fa ^1 ^ff\ 



limit 

Aa: = 



H f'x / <li'x']a also assumes the form 0/0, by the principle 
just proved we have 

fx/,l>'x2,=f'x/,l>"x^„; 

and so on, until we obtain a fraction which does not assume 
the form 0/0 when x = a. 
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EXAMPLES. 
1. logx/(x— l)]i = 1. 
log 



X 



)g«n _0. . logx-| _l/g-| _ 



2. (l-cosx)/x2]o=l/2. 
1 — cos X 



X2 



]__ 1 — cosx "! _ sinxT __ 
o""0^ •'• x2 Jo~ 2xJo~0' 



sinx~l _ cosxT _ 1 1 — cos x "l __ 1 

*** 2xJo~ 2 Jo~2^ •*• x2 Jo~2* 

„ x — lT 1 rt /sinnx\"»n / 

x**— iJi n \ X / Jo ' 

e^ — e-«"l ^ ,^ x2 — X 

4. 



sm X 



-1=2. 10. T -J-. I = op. 

Jo 1— x + logxJi ^ 

X — sm X J 1 — cos X J 

fi g^— frn _| g. io tan x — sin x "| __ 1 ^ 
g J o"" i> sin^x J o~ 5 

1 =-- 13 _^lZL^_1 =-2 

Jo 6 * 1— x + logxJi 



„ X — sin— ix 



a 



sin^ 
qx-¥\ — 5x+i-| a sec2x — 2 tan x" 



x + 



6^+1 "! _ 1 ^ -14 sec^x — 2 tan x "| _ 1 

1 J-i"" ^^6* l+cos4x J^/4""2* 



85. When ^ assumes the form 3?, 4? = ^^ . (1) 

Hence, ^^"^^* [ff^l = ''^'' V"^ ^Y^U ■ § 84 

If two variables have equal limits, any equimultiples of / ^ 
these variables have equal limits. ^ , 

Hence, multiplying by {fxy / (fftxy, we obtain 

limit r./aj"] _ limit F/^"] /^x ' 
xz^a \_<^>x_^ ~ x = a y_4>'x\ ' ^^ ^ ^' 
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EXAMPLES. 

1. CSC 2a5/cfic 6a5]o = 6/2. 

C8C 2 X sin 5 X , ^ 

r— iZ . ,> = ;: when x = 0. 

c»c 6 X sin 2 X 

CSC 2x "l __ sin 6 x "| _ 5 cos 5 x "l _ 6 «. 

* * CSC 5 X J "" sin 2 X J o"" 2 cos 2 x J o 2 

Here we transform the ^tven fraction into an identical fraction 
which assumes the form 0/0 when x = 0. 

2. logx/cscx]o = 0. 

loffx-l ^ -gp. . logx-l ^ \Jx 1 . gg 

cscxJo fl^ * ' cscxJo — cscxcotxJo 

1/x ZL?»»^ 1/? "I _ — sin^x "] _. ^ 

— CSC X cot X ~ X cos X ' * ' — CSC X cot X J X COS X J 

— sin^x"! — 2 sin X COS XT ^ „ _ . 

.'. — I = : 1=0. § 84 

xcoHxJo C08X — xsmxJo 

Ilere^i'o derive a new fraction by § 86, and transform that into an 
identical fraction which assumes the form 0/0 when x = 0. 

3. i"S n = 0. 6. -55^1 = - 3. 

cotxjo SOC3xJw/8 

4. ^-\ =3. 7. ^!^&f^l =0. 
tan8xJv/8 8ec(;rx/2)Ji 

tanx J»/a logtanxJ,r/2 

^ (^- Wx -j^^ ['^-^(«'^')']^=1 X 1 = 1. 

,- tan.f— x"| ^ -, 1 — sin X + Civs XT 

la ^. - I —'1, u. - — , -, I =1. 

86. The forms • op and op — op, A function of x which 
assumes the t'oiiu K^ - op \>x op — op when ur = a is evaluated by 
first transforming it into an identical fraction which will 
assume the form or c^/<f when x = «. 
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BXAMPLES. 
1. (1 — x) tan (7tx/2)]i = 2/7t. ^ - ^ 

Taking the reciprocal of the infinite factor, we have 

/I XX 7tx_ 1 —X , , 

(1 — «) tan -r- = — — jr;r = - when X = 1. 

^ ' 2 cot(;rx/2) 

2. sec 3x cos 7x]ff/3 = 7/3. 5. sin x log x]o = 0. 

3. (l-tanx)sec2x]^^4 = l. ^- «logx]o = 0. 

Y^. tanxlogsinx],r/^=0. 7. [^TTi ""^^^3]^= -2* 

2 1 1-x ^ 

= - when X = 1. 



3.2 — 1 X — l~x2 — 1 



8. I , , I = — 1. 10. I X tan x — - sec x I = — 1. 

LlogX logxJi L 2 J,r/2 

^- l^'-'^-^^ =1' 11- xlog(l + ^)l =a. 
Lsm-^x 1— cosxJo 2 \ x/Joo 

x = oo L \ x/J z Jo X 



87. The forms 0^, c^^, and 1="^. When for a; = a, a func- 
tion of X assumes one of the forms 0^, cp^, or 1=^^, the loga- 
rithm of the function will assume the form ±0-cp, and can 
be evaluated by § S6, From its logarithm the value of the 
given function can be obtained. 

EXAMPLES. 
1. X^]o = 1. 

log{x^) = x logx = —O'Op when x = 0. 

X log x]o = 0. § 86, example 6 

.-. log x^]o = ; .*. x^]o = 1. 

1\*- 



log (1 + ^)''1 = X log(l + ^^1 = a. § 86, example 11 



V . • - V -■■/ r (/■ :■ 









} 
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3. x«°']o = l. 8. (H-ax)i/*]o = e«. , . o 

4. (sinx)t*nx],,j = i. ^^^. (logx)^]o=L . i^^ '' 

6. xiAi-x)]i = e-i. 10. (c' + x)i^^]o = ^. 

6. (cos mx) »» ^*]o = 1. 11. (cos 2 a:)' /^]o = e- «. 

7. a?^-i]o = l. 12. (logx)^-i]i = l. 

88. Evaluation of derivatives of implicit functions. 

When y is an implicit function of x, its derivative, though 
containing both x and y, is a function of x. Hence, when the 
derivative assumes an indeterminate form for particular values 
of x and y, it can be evaluated by the previous methods. 

EXAMPLES. 

1. Find the slope of aV — a2x^ — x* = at (0, 0). 

„ dv 2 a^x + 4 x8 

Here -f- = — r— r = - » when x = y = 0. 

dx 2a^ 

^^^®' dxj 0,0 ~ 2 a2y J 0,0 "" 2a2 • dy /dxj o,o " dy/dxj o,o ' 
.-. {dy/dx)^]o,o = 1, or dy/dx]o,o = ± 1. 

2. Find the slope oiy^ = ax^ — x^ at (0, 0). 

Here^l = ^^-^^' 1 ^ 2a-6x -| . 

/<^y\^ 2 a — 6x"l 2 a dyT , 



3. Find the slope of x' — 3 oxy + ys = at (0, 0). 

Ans. dy/dx]o,o = or cp. 

4. Find the slope of x* — a2xy + b^y^ = at (0, 0). 

Ans. dy/dx]o,o = or a^/h^. 

X 5. Find the slope of (2/2 + x2)2 — 6 axy'^ — 2 ax^ + a2x2 = at (0, 0) 
and (a, 0). ^^. dy/dxjco = ± op ; d2//dx]a,o = ± 1/2. 



<. 




CHAPTER VI. 

EXPANSION OF FUNCTIONS. 

89. A series is a succession of terms whose values are all 
determined by any one law. A series is finite or infinite 
according as the number of its terms is limited or unlimited. 

The sum of a finite series is the sum of all its terms. 

The sum of an infinite series is the limit of the sum of its 
first n terms as n increases indefinitely. When such a limit 
exists, the series is said to be convergent; when no such limit 
exists, the series is divergent and has no sum. 

For example, the series 

1 + 1/2 + 1/4 + 1/8+ • • • + l/2»-i + • • • 

is convergent ; for the sum of its first w terms == 2 when n = oo. 
The series 

l-l + l-l+--- + (- l)»-i + • • • 

is divergent ; for the sum of its first n terms does not approach a limit 
when n = 00. 

90. To expand a function is to find a series the sum of 
which shall equal the function. Hence, the expansion of a 
function is either a finite or a convergent infinite series. 

When the expansion is an infinite series, the difference 
between the function and the sum of the first n terms of the 
series is called the remainder after n terms. When n = oo, 
this remainder must evidently approach zero as its limit. 

For example, by division we obtain 

= 1+X + X2 + X8+ . . .+x»-l+ -!^— . (1) 



\— X 1 — X 
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Here a;"/(l — x) is the remainder after n terms. When n= x and 
X >> — 1 and •< 1, this remainder = 0, and therefore the sum of n terms 
of the series == the function ; but when n = » and x >> 1 or < — 1, the 
remainder increases arithmetically, and therefore the sum of n terms of 
the series diverges more and more from the value of the function. 

Hence, the series in (1) is convergent and its sum equals the function 
only for values of x between — 1 and + 1. 

Some functions may be expanded by division, as above ; 
some by indeterminate coefficients ; others by the binomial 
theorem ; and so on. The binomial theorem, the logarithmic 
series, the exponential series, etc., are all particular cases of 
Taylor's theorem, which is stated and proved in § 92. 

For the proof of this theorem we need the following lemma : 

91. Lemma. If <l>z aiid kj^'z are each continuous between a 
and a -f- h, and <l>a = <l> (a -{- h) = ; kj^'z must equal zero for at 
least one value of z between a and a -f- h ; that is, <f>(a -f- Oh) = 0, 
where is some positive proper fraMion, 

For if i\>z is continuous and <^a = <^ (a + A) = ; then, as z 
changes from a to a -\- h, if>z must first increase and then 
decrease, or first decrease and then increase ; hence, <^'^ must 
change from -f to — or from — to + ; and therefore, if con- 
tinuous, it must pass through for some value of z between 
a and a-\- h. Denoting this value oi zhy a-\- Oh where has 
some value between and + 1, we have <^' (a + Oh) = 0. 

92. Taylor^s theorem. Whenfz,fz,f^z, • • ',fz are each 
continuous between x and x + h, 

f(x + h) = 

fx +fx \ +/"x| + • • • +/•-' X j^^ +/» {X + 6h)^ (A) 

where the last term is the remainder after n terms, and is some 
positive proper fraction. 



ij/ -^^ /Hrtj a-^U^'^'^^^^ 
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Let Fh''/\n denote the remainder after n terms when x = a\ 
then we have 

f((i+h)= 

/«+/'af+/"a| + --+/-a-j^ + p|. (1) 



We proceed to find the value of P. 

Putting h = b — am (1), and transposing, we obtain 

f, _/« _/., L^ _/", (L^ _ f<<a ^ -... 

^ * \n-l ^ \n -"• ^'^> 

m 

Let <l>z represent the function of z obtained by substituting 
z for a in the first member of (2) ; then 

<l>z mfb -fz.-fz ^ -/";. ^^^ 

^ '^ \n-\ ^ [« '^^f 

Differentiating (3) to obtain <^'«, we find that the terms of 
the second member destroy each other in pairs with the excep- 
tion of the last two, and obtain 

^ \n — 1 -^ \n—l ^ ^ 

By hypothesis /^, /'«, • • •, f^z are continuous between a and 
a-h h', hence, from (3) and (4), it follows that kJ^z and <l>'z are 
continuous between a and a-\- h. , 

Putting a for z in (3), by (2) we have <l>a = 0. 

Putting b for z in (3), we have <f>b = 0, i.e, <f> («•+ h) = 0. 

Hence, by § 91 we have 

<l>' (a -h Oh) = 0, (5) 

where denotes some positive proper fraction. 
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Putting a-\- Oh for z in (4), by (5) we obtain 

F=f-(a-hehy 

Substituting this value of P in (1), and then putting x for 
a, since a is any value of x, we obtain (A). 

Formula (A), called Taylor's theorem, was first published by 
Brook Taylor in 1715. 

Cor. 1. Putting aj = in (A) and then substituting x for 
h, we obtain 

/a;=/0+/'0^+/"o|+---+/-'Oj^+/»(fe)|-(B) 



Formula (B), called Stirling's or Maclaurin's theorem, was 
first given by James Stirling in 1717. It is a speciat case of - 
Taylor's theorem. 

Cor. 2.* Denoting the remainder after n terms in (A) by 
It J,, and in (B) by Bj^, we have 

Br=ri»> + oh)^, ii^:=rio=c)^- (6) 

The form of Ej. in (6) is due to Lagrange. 

Cor. 3. If Bj. = when n = co, the series in (A) is the 
expansion oif(x + K), If B>m= ^ when n = oo, the series in 
(B) is the expansion oifx. 

Cor. 4. When we take the sum of the first n terms in (A) 
as the value of /(x -f ^), the error lies between 

f''(x)'h''/\n and/«(aj + A)A"/|2i. 

When we take the sum of the first n terms in (B) as the 
value oif{x), the error lies between 

/" (0) a;"/ [n and /" {x) a;"/ [w. 

* Cors. 2, 3, 4, §§ 93, 96, and the proofs for convergency in §§ 94-98 
may be omitted in the first reading of this chapter. 



EXPANSION OF SINX 75 

/yM 11* If 'Tfi f f />• 

93. Since — = -.-.- . -, 

\ri 123 n — 2n — ln 

ic^/lw = O'when x is finite and n = co. 

Cor. When n — co and x is finite, 

Rt = when /»(aj + ^/t) is finite, 
and Rji = when /" (da;) is finite. 

94. To expand sin x aiid cos x. 

Sin a; is a particular case of fx ; hence, to expand sin x we 
use Maclaurin's theorem, or (B). 

Here fx = sin a?, .-. yo = 

f'x = Gosx, .\f'0 = l 

f"x = -smxy .•./"0 = 

/"aj=-cosaj, .•./"0 = -l. 

Since /'^a; = sin a; =/a;, 

the four values given above will recur in sets. 
Substituting these values in (B), we obtain 



x^ , x^ x\ . (- l)»-ia:2«-i 

\3 [5 1 7 \2n — 1 



(1) 



The nth. term in (1) is readily written out by inspection. 

Froof of (1).* Since f^x = sin (a; + n • 7r/2), fx and all its 
successive derivatives are continuous and finite for all values 
of X, Hence, by Cor. of § 93 and Cor. 3 of § 92, the series in 
(1) is the expansion of sin x for all finite values of x, 

* For a discussion of convergent series consult Taylor's ** College 
Algebra," Osgood's ** Introduction to Infinite Series," or some more 
extended work on the Calculus. For the proof of convergency the scope 
of this work limits us to the use of the remainder after n terms in (A) 
or (B). 
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In like maimer we obtain and prove 



oosa^^l-- +---+... + ^^^-J-^^ + .... (2) 
Identity (2) could be obtained by differentiating (1). 
96. To deduce the exponential series. 



Proof of (1). Here f"x = (log a)"a^. 

Hence, when a is positive, fx and all its successive deriva- 
tives are continuous for all values of x. 



When 05 is finite, a^^ is finite. 

By § 93, (x logrA)"/[^= when n = oc and a? log a is finite. 
Hence, R^f = when n = oc and a; is finite. 
Therefore, the series in (1) is the expansion of a* when a is 
positive and x is finite. 

CoR. 1. Value of e^ Putting a = e in (1), we obtain 

/vi 'Y** O*** />•* /^iM — 1 

_. . •*' •*' •*' . •*• . •*' ^..-k«. 



Cor. 2. Value of e. Putting a; = 1 in (2), we obtain 



= 2.718281- • •. . ^ 

96. Second form of remainder. If we denote the remainder 
after n terms in (1) of § 92 by I\h, and proceed as before, we 
obtain 
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97. To deduce the logarithmic series. 



(1) 



loga(l + aj) = wU-- + ^ 4-^^ + • • • 1- 

Proof of (1). fx = (- lY-^ \n-l /{l + x)«. 

When a: < — 1, log (1 + x) has no real value. 
When a: = — 1, the odd derivatives are discontinuous. 
When x> — l^fx and all its successive derivatives are con- 
tinuous. 

Using the second form of R^f, we obtain 



-Kv = 



^jf 



^(x-Oxy (-1)"-^ 



The second factor in R^ is finite, and the first factor = 
when n = co and x > — 1 and < 1 or a; = 1. 

Therefore, the series in (1) is the expansion of log\l -f x) 
when a: > — 1 and < -f 1 or x = 1. 

We cannot, therefore, use (1) to compute the logarithms of 
any number greater than two. 

Cob. 1. To deduce a formula for computing a table of loga- 
rithms, we put — X for x in (1) and obtain 

logi,(l-x) = m[^-x-j-^-j + -\ (2) 

Subtracting (2) from (1), we obtain 

log„|^=2«.(. + |'.+ f + f +...). (3) 

I^et a; = ; then^ z - = - (4) 

2;sj4-1 , 1 — x z ^^ 



Substituting in (3) the values in (4), we obtain 

z±l 
z ""^\2z + l ' 3(2« + l) 



lQga^^-^ = 2m(;^^;^ + ^^^;^,,3 + -'y (5) 
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.-. log„ (. + 1) = log„. + 2 ^.(^iVl + 3(27+1)5 +■• ■)• 



(6) 



When ;s;>0, 0<aj<l; hence, the series in (6) is conver- 
gent for all positive values of z, 

Loga(;3j -f 1) can be readily computed when log^^ is known. 

Cor. 2. If m = 1, a = e and (5) becomes 

^°^^ = K2lTl + 3(27+l)-» + ---)- ('> 

Dividing (5) by (7) and denoting (z -f 1) /« by N, we have 
log^iNT/ log N = m, or log^ N = m log N. (8) 

CoR.^3. Value of m. Putting N= am (8), we obtain 

1 = m log a, or m = I /log a. (9) 

Cor. 4. Value of M. If M denotes the modulus of tlie 
common system whose base is 10, from (9) we have 

^ = i^ = 2:3485 = ^-^'^*294-... 

98. To deduce the binomial theorem, or 

(x + hY = a;"* -f mx^-^ h + ^ ^^.7' ^^ • x'^-^h^ 

1^ 



n — 1 



(1) 



(a? -f A)"* is a particular case of f(x + ^) ; hence, to expand 
(x -f hy^ w6 use Taylor's theorem, or (A). 
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Here f{x -f A) = (aj + hy ; ,\fx = aj"», 

/'« = mx"*~^, /"aj = m(m — 1) cc'""^, 

/"'aj = m(m — 1) (m - 2)a;"— ^ 

f~^x = m(m — 1) • • • (7/1 — 71 -f 2)aj"'-'*+^ 
Substituting these values in (A), we obtain (1). 

Proof of (1). /"aj = m (m — 1) • • -{m — n-\-l) aJ"*■-^ 
Hence, fx and all its successive derivatives are continuous 
for all values of a:. , / 

Using the second form of Rj,, we obtain S *- 

_ m{m — V)'' '(m — n + l) f h— eh \ (x + Oh)"^ 



^"" |7i-i V^T^j 



When x> h arithmetically, and n = 00, the product of the 
first and second factors = ; hence, Ej, = 0. 

Hence, the binomial theorem holds true when the first 
term is greater than the second arithmetically. 

When 7?2. is a positive integer, we obtain 

f"-^^x = Oy /»+2^ = 0, • • •; 
hence, in this case, the expansion in (1) is a finite series of 
772- + 1 terms. 

99. Failure of Maclaurin^s theorem. The successive 
derivatives of log x are cp and discontinuous when x = ; 
hence, (B) fails to expand log x. 

For a like reason, (B) fails to expand 

cotx, cscaj, vers" ^ a:, a^/% sin(l/a:), • • •. 

When (B) fails to expand fx, (A) will fail to expand 
f(x 4- h) for aj = 0. 

For example, when x = 0, (A) fails to expand log(a; + h), cot (x-h h), 
vers— i(xH- h), • • •. 

(A) may fail to expand f(x -f h) for other values than a: = 0. 
The limits between which any expansion holds true should 
be carefully determined. 



• • • 
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EXAMPLES. 

x8 2 x^ 1 7 x'' 

1. tanx = x+3+ ^^- + -^ + . . , 

4 1 X« . X5 X^ . X« 

2. tan~i X = X — o + "5 " y + 77 "" 

Here /'x = (1+ x2)-» = 1 - x2 + x* - x« + • • • ; 
.../"x = — 2x + 4x» — 6x6+ • • •, etc. 

o • 1 , 1 x3 1-3 x6 . l'3-5 x7 

3. 8m-ix = x + - — + — •- + 2TITo-y+---- 

4. From the scries in example 3 find the value of t. 
Putting X = 1/2, we obtain 

®"' 2 2V ^24^040^7168^ /' 
.-.IT = .3.141592- • •. ^ ■*) 

5. secx=l + ^+ — + -^+.... 

^ in, 1 . . a^^ 3x*^8j« 3x«. 

e. e«nx = i+x4-^^- — + — --^+.... 

X- X* X* 

7. log(l + sinx)=x-- +-- — +•• •. 

a 8m(x + ;i)=sinx(l--+|j---+---) ' 

+ cosx(^-^+|^--^-+...) 
= sin X cos h + cos x sin ^. § 04 

9. co6(x+ A) = cosxcosA — sinxsin^. 
la U^«(x + ft) 
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11. gx.. = a.(i + ^Jf^ + {y! + . . . + (ftiogg)-^ + ...). 

12. log(l+e-) = log2 + | + |-^+---. 

13. If /x =f{— x), the expansion of /x will contain only even powers 
of X ; while if /x = — /(— x), the expansion of fx will involve only odd 
powers of x. 

14. What powers of x will appear in the expansion of sin x ? cos x ? 
tanx? secx? sin-ix? tan-ix? (e^ + l)/(e=«— 1) ? 

15. Regarding A as an increment of x, find from (A) the value of the 
corresponding increment of /x, h being reckoned (1) from any value of x, 
(2) from X = 0. < 

Compare the second result with (B). 

16. Prove geometrically that 

/ f(x + h)=fx-\'hr(x + eh), 

fz and /'x being continuous between x and x + h. 



17. When x = t, prove that 






X — sin X = v^i^ ; 


1 — cos X = V2i^ ; 


§94 


a^ — 1 = Vii; 


X — tan X = v^i^ ; 


§96 


X — tan-ix = v^i^ ; 


1 — sec X = V2i^^ 





18. From (2) of § 06 and (1) and (2) of § 94, show that 

«*''=' = cos a; +V^ sin X, 

sinx. 



and e * ^ = cos x — V— l si 

19. From the results in example 18, obtain the exponential values 

e — e e -r e 
sm X = 7=^- » cos X = • 

2V-I 2 

20. Find the limits of the error when we take the sum of n terms of 
the series as the value of a*j loga(l + x)j (x 4- A)"», 



CHAPTER VII. 

MAXIMA ANB MINIMA. 

100. ' A maximum of fx is a value of fx which is greater 
than those immediately preceding and immediately following. 
A minimum of fx is a value which is less than those imme- 
diately preceding and following. In defining and discussing 
maxima and minima of /x, it is assumed that x increases con- 
tinuously, and that fx is a continuous one-valued function. 

101. fx is positive immediately before and negative imme- 
diately after a maximum of f x ; also f 'x is negative immediately 
before and positive immediately after a minimum of fx. 

For fx is an increasing function immediately before and a 
decreasing function immediately after a maximum ; also, fx is 
a decreasing function immediately before and an increasing 
function immediately after a minimum (§ 12, Cor. 1). 

102. Any value of x which renders ix a maximum or a 
minimum is a root of f 'x = or f 'x = cp. 

From § 101 it follows that/'aj changes its quality when/cc 
passes through either a maximum or a minimum. 

When f^x is continuous for all values of Xy fx must pass 
through zero to change its quality. 

When fx is a fraction whose denominator becomes zero 
for some finite value of x, fx may change its quality by 
becoming c^. 

For example, when x — 2 = 0orx = 2, the fraction a/ (x — 2) becomes 
qp and changes its quality. Again, tan x, or sin x/cos x, becomes ap and 
changes its quality when cos x = 0, or x = ;r/2. 
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The converse of this theorem ia not true ; that is, any root 
offx ~ or f'x = (y) does not necessarily render fx either a 
maximum or a minimum. These roots are simply the critical 
values of x, for each of which the function ia to be examined. 



103. Geometric iUustratioa. 

Let ad^ be the locus of y =fc. 

Then fx will be represented by the ordinate of the point*(x, y), 
bj the slope of the locua at the point (x, y). 

By definiUon, the ordinates Oa, Cc, and Ee represent maxim 
while Bb, Dd, and Ff repre- 
sent minima ($ 100). 

The slope f'x is positive 
Immediately before a maxi- 
mum ordinate, and neg- 
ative immediately after ; 
while the slope is negative 
immediately before a mini- 
mum ordinate and -positive 
after (§ 101). 

The elope f'x is or cp at any point whose ordinate fx i 
maximum or a minimum, Tlie slope f'x is discovlinuoua at 
e and/, where it changes its quality by becoming (p (§ 102). 

The slope f'x is at g, and oftaXh; but it does not change 
at either point, and neither Og nor Hk is 
ordinate. 



and/'» 
ao£Ai 




either a 
lie points 



Note. If the points e and / were shooting points (J 1S3) instead of 
cusps (g 151), f'x would change abruptly from a positive finite value te a 
negatjve value, or vice versa; hence, § 102 is not strictly true when the 
locus of y =f{x) has a shooting point. 



104. Maxima and minima occur alternately. For between 
two maxima a function must change from a decreasing to an 
increasing function, and hence pass through a minimum. For 
a like reason, between two minima a function passes through 
a maximum. 

This principle is evident also from tbe locus in § 103. 
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106. Let Qs be a cHtical value obtained from f x = o, and let 
a be svhstituted for x in the successive derivatives ofix. 

If the first deHvative which does not vanish is of an even 
order J tsL is a maximum or a minimum of fx according as this 
derivative is negative or positive. 

If the first derivative which does not vanish is of an odd 
order, fa is neither a maximum nor a minimtim of fx. 

Since fa iz 0, from Taylor's theorem we have 

If h be taken very small, the quality of the second member 
of (1) or (2) will be that of its first term ; hence, 

If f"a is -, fa >f(a - h) and fa >f(a + h) ; 

that is, fa is a maximum of fx. § 100 

If fa is +, fa <f(a - h) and fa <f(a + h) ; 

that is, fa is a minimum olfx. § 100 

. If f"a = and f'"a is not zero, fa is evidently neither a 
maximum nor a minimum otfx. 

If f"a =f'"a = 0, fa will evidently be a maximum or a 
minimum according as/'^a is — or + ; and so on. 

Ex. Examine 4 x^ — 15 x^ + 12 x — 1 for maxima and minima. 

Here fx = 12 x2 _ 30x + 12, 

and r'x = 24 X - 30. 

The roots of /'x = 12 x2 — 30 x + 12 = are 2 and 1 /2 ; hence, the 
only critical values of x are 2 and 1/2. 

/'' (2) = + 18 ; .•. /(2), or — 6, is a minimum of /x ; 
f''(l/2)= - 18; .•./(1/2), or 7/4, is a maximum of /x. 

Note. The student should illustrate these properties of this function 
by constructing the locus of y = 4»8 — isx^ 4- I2x — 1. 
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106. Let s, be a critical value given by either i'x = or 
f 'x = fl^, and let h be a very small positive number ; then 

ij^f'(a — h) is positive and f (a -\-h.) is negative, 

fa is a m,axhnum of f x. § 101 

ijf f'(a — h) is negative and f'(a + h) is positive, 

ia, is a minimum of f x. § 101 

Iff'{^ — h) and f'(a + h) have the same quality^ 

fa is neither a maximum nor a minimum of f x. 

107. Auxiliary principles. By the following obvious prin- 
ciples we may often simplify the solution of problems in 
maxima and minima : 

(i) Since fx and log (fx) increase and decrease together, any value of 
X which renders fx a maximum or a minimum renders log {fx) a maxi- 
mum or a minimum ; and conversely. 

(ii) Since when fx increases its reciprocal decreases, any value of x 
which renders fx a maximum or a minimum renders its reciprocal a 
minimum or a maximum. 

(iii) Any value of x which renders c (/x), c being positive, a maxi- 
mum or a minimum renders fx a maximum or a minimum ; and con- 
versely. If c is negative and fa is a maximum, c (fa) is a minimum. 

(iv) Any value of x which renders c +/x a maximum or a minimum 
renders fx a maximum or a minimum ; and conversely. 

(v) Any value of x which renders fx positive, and a maximum or a 
minimum, renders (fx)^ a maximum or a minimum, n being any positive 
whole number. 

EXAMPLES. 
Examine /x for maxima and minima when 

1. /x = x8 — 9x2-hl5x— .3. 

/''(I) is — ; .'./(l), or 4, is a maximum of /x. 
/''(6) is + ; .'-/(S), or — 28, is a minimum of /x. 

2. /x = x5 — 6x* + 6x8 — 1. 

Ans. /(I), or 0, is a max. ; /(3), or — 28, is a min. 
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3. /x = 3x5 - 125x3 + 2160X. 

Ans. /(— 4) aiid/(3) are max.; /(— 3) and/(4) are inin. 

4. /x = x8-3x2 + 3x + 7. 

Here /' (1) = 0, f (1) = 0, and /''' (1) = 6 ; hence, / (1) is neither 
a maximum nor a minimum of fx (§ 105). 

5. /x = 2x8 — 21x2 + 36x~20. 

6. /x = x8-3x2 + 6x + 7. 

Ans. No real value of x renders /(x) a max. or a min. 

7. Examine c + V4#2a;2 — 2 ox^ for maxima and minima. 

By § 107 any value of x which renders c + V4 a2x2 — 2 ox^ a 
maximum or a minimum renders 

V4 a2x2 — 2 oxa, 4a2x2 — 2ax8, or 2ax2 — x^ 
a maximum or a minimum. 

Hence, we let/x = 2 ax2 — x^, etc. 

Ans. c is a min. : and c + 8 a^'\/S/9 is a max. 

8. Examine 6 + c (x — a)2 /s for maxima and minima. 

Let /x = (x — a)2. vlws. 6 is a min. 

9. Examine (x — 1)* (x + 2)^ for maxima and minima. 

f'x = (X - l)8(x + 2)2 (7 X + 5). 

Hence, the critical values are 1,-2, and 5/7. 

/'(I - h) is -, and/'(l + A) is + ; 

.'./(l), or 0, is a min. of /x. § 106 

/'(- 5/7 - h) is +, and/' (- 5/7 + ^) is - ; 
.'./(— 5/7) is a max. of /x. 

/'(- 2 - h) and/' (- 2 + A) are both + ; 

hence, /(— 2) is neither a maximum nor a minimum of /x. 

Li this example the method in § 106 is preferable to that in 
§106. 
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10. Examine ^ -^ for maxima and minima. 

/ a — 2x 

f'x = (a — »)2(4» - a) /(a -2xf. 

f'x = gives x = aor a/4 ; 

f'x = op gives (a — 2 x)2 = 0, or x = a/2. § 102 

/'(a/4 - h) is -, and/' (a/4 + ^i) is + ; 

.•./(a/4) is a min. of/x. 

When X = a, or a/ 2, /'x does not change its quality; hence, 
neither /a nor /(a/ 2) is a maximum or a minimum of /x." 

3.2 — "7 jp _j_ (5 

11. Examine rr — for maxima and minima. 

X — 10 

Ana. /(4) is^max. ; /(16) a min. 

(x + 2)8 

12. Examine t ?^ for maxima and minima. 

(x — 3)2 

Ans. /(3) is a max ; /(13) a min. 

13. If /x = x(x + a)2(a — x)^, /(— a) and /(a/3) are maxima, and 
/(— a/2) is a minimum. 

14. V2 is a maximum of sin d + cos 6. 

15. e is a minimdfm of x/logx. 

16. 1 is a maximum of 2 tan ^ — tan2 e, 

17. e^ /« is a maximum of x^ ^^. 

18. 3V3/4 is a maximum of sin ^(1 + cos^). 

19. ^/ (1 + ^ tan 6) is a maximum when 6 = cos ^. 

Examine the reciprocal of this function for maxima and minima. 

20. Show that 2 is a maximum ordinate and — 26 a minimum ordi- 
nate of the curve 2/ = x^ — 5 x* + 6 x^ + 1. 

21. Show that a/3 is a maximum ordinate and a minimum ordinate 
of the curve y = (2 x — a)i ^s (x— a)2 /s. 

22. Show that 3V3/I6 is a maximum ordinate of the curve 

" 2/ = sin8xcosx. 
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PROBLEMS IN MAXIMA AND MINIMA. 

1. Find the altitude of the maximum cylinder that can be inscribed 
in a given right cone. 

Let BAB be a section through the axis of the 
cone and the inscribed cylinder. 

Let a = BC, b = AC, y = MC, x = IM, and 
V = the volume of the cylinder ; 

then V = Ttxy^. 

From the similar triangles ABC and IBH, 

V = (b/a)(a-x); 
... V = 7t(b/a)^x{a — x)^, 

V will be a maximum when x{a — x)^ is a maximum. 
Hence, let fx = x(a — x)^, etc. 

Ana. The altitude of the cylinder = 1/3 that of the cone. 

2. Find the altitude of the maximum cone that can be inscribed in a 
sphere whose radius is r. 

Let ACB axid A CB be the semicircle and the triangle which gener- 
ate the sphere and the cone, respectively. 
Let X = ABj y = BC, and 

V = the volume of the cone ; 
then V = i Ttxy^. 

y'^ = AB ' BB = x(2r — x)] 

... V = i7tx^(2r — x). 

V will be a maximum when x^ (2 r — x) is a maximum. 
Ans. Tlie altitude of the cone = 4/3 the radius of the sphere. 




3. Find the altitude of the maximum cylinder that can be inscribed in 

a sphere whose radius is r. 

Let X = AB, and y = BE ; 




then 



F = 2 Jtxij^ = 2 7tx (r2 — x2). 
Ans. Altitude = 2 r V3/3. 



4. The capacity of a closed cylindrical vessel is c ; find the ratio of its 
altitude to the diameter of its base when its entire inner surface is a 
minimum ; find its altitude. 
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Let u equal the radius of the base, x the altitude, and S the entire 
inner surface ; then 

c = Ttxu!^, (1) 

and 8 = 2 nu^ + 2 Ttxu. (2) 

From (1), du/dx = —u/2x. (3) 

From (2), diS = 4 nudu + 2 itxdu + 2 itudx, (4) 

When /S is a minimum, dS/dx = 0, or dS = ; hence, 

du/dx = —u/(2u-\- x). (6) 

From (3) and (6), we obtain 

2 X = 2 w + X, or X = 2 w. (6) 

Hence, as 8 evidently has a minimum value, it is a minimum when 
the altitude of the cylinder is equal to the diameter of its base. 
From (1) and (6), we find the altitude 

x = 2Vc/2;r. 

5. Find the maximum rectangle which can be inscribed in the ellipse 

x^/a^ + y^/Ij^ = l. (1) 

Let (x, y) be the vertex of the rectangle in the first quadrant, and 
let u denote the area ; then 

M = 4 xy. (2) 

Differentiating (1) and (2), and proceeding as in example 4, we 
find that the maximum area is 2 ab. 

6. Find the maximum cylinder which can be inscribed in an oblate 
spheroid whose semi-axes are a and h. 

The ellipse which generates the spheroid is 

xVa2 + yV^ = l. (1) 

Let (x, y) be the vertex in the first quadrant of the rectangle 
which generates the inscribed cylinder ; then 

F = 2 Jtyx^, (2) 

7. The capacity of a cylindrical vessel with open top being constant, 
what is the ratio of its altitude to the radius of its base when its inner 

surface is a minimum ? 

« 

8. A square piece of sheet lead has a square cut out at each comer ; 
find the side of the square cut out when the remainder of the sheet will 
form a vessel of maximum capacity. 



\ 
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9. The radius of a circular piece of paper is r ; find the arc of the 
sector which must be cut from it that the remaining sector may form 
the convex surface of a cone of maxinmm volume. 

Ans, Arc = 2 ;rr (1 — V6/3). 

Let X = the altitude of the cone ; 

then V= ;rx(r2 — x2)/3. 

10. A person, behig in a boat 3 miles from the nearest point of the 
beach, wishes to reach in the shortest time a place 6 miles from that 
point along the shore ; supposing he can walk 6 miles an hour, but row 
only at the rate of 4 miles an hour, re(iuired the place where he must 

l^iid. Ans. 1 mile from the place to be reached. 

11. Find the maximum right cone that can be inscribed in a given 
right cone, the vertex of the required cone being at the centre of the 
ba.se of the given cone. ^y^. ^he ratio of their altitudes is 1 : 3. 

12. A Norman window consists of a rectangle surmounted by a semi- 
circle. Given the perimeter, required the height and the breadth of the 
window when the quantity of light admitted is a maximum. 

Ans, The radius of the semicircle = the height of the rectangle. 

13. Prove that, of all circular sectors having the same perimeter c, the 
sector of maxinmm area is that in which the circular arc is double the 
radius. 

Let X =■ the radius of the sector ; 

xlc — 2x) 
then area = — ^ — • 

14. Find the maximum convex surface of a cylinder inscribed in a 
cone whose altitude is 6, and the radius of whose base is a. 

Ans. Maximum surface = 7tab/2, 

15. Find the altitude of the cylinder of maximum convex surface that 
can be inscribed in a given sphere whose radius is r. 

Ans. Altitude = r V2. 

16. Find the altitude of the cone of maximum convex surface that can 
be inscribed in a given sphere whose radius is r. 

Ans. Altitude = 4 r/3. 
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17. A privateer has to pass between two lights, A and B, on opposite 
headlands. The intensity of each light is known, and also the distance 
between them. At what point must the privateer cross the line joining 
the lights so as to be in the light as little as possible ? 

Let c = the distance AB^ 
and X = the distance from A to any point P on AB. 

Let a and b be the intensities of the lights A and B, respectively, 
at a unit's distance. The intensity of a light at any point equals its 
intensity at a unit's distance divided by the square of the distance 
of the point from the light. 

Hence, the function whose minimum we seek is 

a/x2 + 6/(c-x)2. 



18. The flame of a lamp is directly over the centre of a circle whose 
radius is r ; what is the distance of the flame above the centre when the 
circumference is illuminated as much as possible ? 

Let A be the flame, P any point on the circum- 
ference, and x = AC. The intensity of illumina- 
tion at P varies directly as sin CPA, and inversely 
as the square of PA. Hence, the function whose 
maximum is required is ax/{r'^f-x^)^/^, where r 
is the radius of the circle, and a is the intensity of 
illumination at a unit's distance from the flame. 

Afis. X = rV2/2. 




19. On the line joining the centres of two spheres, flnd the point from 
which the maximum of spherical surface is visible. 

Let cp = r, CP = R, cC ^ a, 
and cA=x, A being any point 
on mM. From A draw the tan- 



gents Ap and AP; then the 
sum of the zones whose alti- 
tudes are nm and NM, respec- 
tively, is the function whose maximum is required. 
By geometry this function is 




L \x a — x/J 



Ans. x = ar3/2/(r3/2 + B8/2). 
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20. Assuming that the work of driving a steamer through the water 
varies as the cube of her speed, show that her most economical rate per 
hour against a current running c miles per hour is 3c/2 miles per 
hour. 

Let V = the speed of the steamer in miles per hour. 

Then av^ = the work per hour, a being a constant ; 

and V — c = the actual distance advanced per hour. 

Hence, av^/ (» — c) = the work per mile of actual advance. 

21. The amomit of fuel consumed by a certain ocean steamer varies as 
the cube of her speed. When her speed is 15 miles per hour she con- 
sumes 4^ tons of coal per hour at $4 per ton. The other expenses are 
$12 per hour. Find her most economical speed and the mininmm cost 
of a voyage of 2080 miles. j^^s. 10.4 miles per hour ; $3600. 

22. Find the parabola of minimum area which shall circumscribe a 
given circle whose radius is r. Ans. y^ = rx, 

23. One dark night the captain of a man-of-war saw a privateersman 
crossing his path at right angles and at a distance ahead of c miles. The 
privateersman was making a miles an hour, while the man-of-war could 
make only b miles in the same time. The captain's only hope w^as to 
cross the track of the privateersman at as short a distance as possible 
under his stem, and to disable him by one or two well-directed shots ; 
so the ship's lights were put out and her course altered so as to effect 
this. Show that the man-of-war crossed the privateersman's track 
(c/h)y/{a^ — IP) miles astern of the latter. 

24. The limited line AB lies without and is oblique to the indefinite 
line CD ; find the point P in CD so that the angle APB will be a maxi- 
mum. Ans. If AB produced meets CD in C, FC = VaJb. 
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CHAPTER VIII. 

POINTS OF INFLEXION. GTJBVATTJBE. EVOLTITES. 

108. A curve is concave upward or downward at any point 
(x, y) according as d^y/dx^ is positive or negative. 





When a cujve, as a^, is concave upward, tan <^ or dy/dx 
evidently increases when x increases ; hence, by Cor. of § 80, 
d^t//dx^ is positive. 

When a curve, as cd, is concave downward, tan <^ or dy jdx 
evidently decreases when x increases ; hence, dJ^y/dx'^ is neg- 
ative. 

109. A point of inflexion is a point, as P, where the tan- 
gent crosses the curve at the point of contact. 

On opposite sides of a point of inflex- 
ion, as P, the curve is concave in oppo- 
site directions, and d^/dx^hoja opposite 
signs ; hence, at a point of inflexion 
dy/dx has either a maximum or a mini- 
mum value (§ 101). 

Therefore, to examine a curve for 
points of inflexion, we examine its slope dy/dx for maxima 
and minima. 

The road or path whose grade is aPb is steepest at the point of 
inflexion, P. 
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EXAMPLES. 
1. Examine y = a + c (x + 6)^ for points of inflexion. 

Here df^/dx- = 6 c (x + 6). 

The root of 6c(x + 6) = 

is — 6, and 6 c (x + 6) evidently changes from — to + when x passes 
through — h \ hence, (— 6, a) is a point of inflexion, or a point of 
minimum slope. To the right of (— 6, a) the curve is concave upward. 

{' 2. .Examine x^ — 3 6x2 + Q^y = o for points of inflexion. 

' Ana. (6, 2 65/a-) is a point of inflexion, or of maximum slope, to 

the right of which the curve is concave downward. 

I 

4 

[^ 3. Examine y = x^ — 3 x^ — 9 x + 9 for points of inflexion. 

-4 715. (1,^ is a point of inflexion, to the right of which the curve 
is concave upward. 

4. Examine y = c sin (x/a) for points of inflexion. 

Ans. (0, 0), (± an, 0), (±2 an, 0), • • •. 

6. Examine the witch of Agnesi y = 8a'^/(x2 + 4a2) for points of 
inflexion. Ans. (±2aV3/3, 3a/2). 

6. Examhio the curve y = x^/(a^ + x^) for points of inflexion. 

Ans, (0, 0), (aV3, 3aV3/4), (- aVs, -SaVs/4). 

110. Polar curves. From the figure it is evident that 
when a polar curve, as ab, is concave toward the pole,^ or 0I> 
increases as p increases; hence, dp /dp is positive. 





When a curve, as cd, is convex toward the jfole, j) decreases 
as p increases ; hence^ dp /dp is negative. 
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That is, a polar curve is concave or convex toward the pole 
axicording as dp /dp is positive or negative. 

At a point of inflexion on a polar curve, dp /dp changes its 
quality, and therefore ^ is a maximum or a minimum ; and 
conversely. Hence, to examine a polar curve for points of 
inflexion, we examine p for maxima and minima. 



Ex. Examine the lituus p^d = a? for points of inflexion. 



Here 



P = 



_ 2a^p 



§ 63, (9) 



dp_ 2a2(4a^— p^) 
•'• dp~ (4a4 4-p*)8/2 ' 

Hence, p = aV2 renders p a maximum; therefore, (a\2, 1/2) is a 
point of inflexion. 

In the logarithmic spiral p = a^, dp /dp is always positive ; hence, the 
curve, being concave toward the pole at all points, has no point of 
inflexion. 

111. The curvature of any curve, as APQ (§ 112, fig.), at 
any point, as P, is the 5-rate at which the curve bends at P, 
or the 5-rate at which the tangent revolves, where s denotes 
the length of the variable arc AP. 

112. The curvature of a curve at (x, y) is d<^/ds radians 
to a unit of s. 

Let AP = s, and let <^ denote 
(in radians) the variable angle 
XMP as P moves along the 
curve APQ] then, evidently, 
the curvature of APQ at P 
equals the s-rate of <^, or 

d<l>/ds. 




O M 



118. Curvature of a circle. Let APQ be the arc of a 

circle whose radius is r ; then the angle MEN, or A<^, will 
equal the angle subtended by PQ, or As, at its centre. 
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Hence, by § 37, we have 

A<^ = As/r; .\ d<l> / ds = 1 / r. §11 

That is, the curvature of a circle is constant, aiid equals 
1 /r radians to a U7iit of arc. 

For example, if r = 5, the circle bends imifonuly at the rate of 1 /5 
radian to a unit of arc. 

If r = 1 /3, the cun^ature of the circle is 3 radians per unit of arc. 

114. Circle of curvature. The curvature of any curve 
except the circle varies from one point to another. A circle 
tangent to a curve and having the same curvature as the curve 
at the point of contact is called the circle of curvature at that 
point; its radius is called the radius of curvature; audits 
centre, the centre of curvature. 

Let R denote the radius of the circle of curvature at any 
point of a curve ; then, since the curvature of the curve, or 
d<l>/ds, equals the curvature of the circle, we have 

df\>/ds = 1/B, OT It = ds/d<f}. 

If at P (§ 112, fig.) the direction of the path of (x, y) became constant, 
(x, y) would trace the tangent at P ; if at P the change of direction of 
the path became uniform with respect to s, («, y) would trace the circle 
of curvature at P. 

116. To find R in terms of x and y. 

ds/dx = [1 + (d!//dxyj '2. § 33^ Cor. 1 

<t> = tsiii-^(di//dx)] § 33 

. d^_ d\i//d3i^ 
'' dx~l + (df//dxy 

. ds _ [l+(di//dxyf^\ 

"^~ d<i>~ dhjldx^ ^^^ 

B, will be positive or negative according as (Py /dx^ is i)osi- 
tive or negative ; that is, according as the curve is concave 
upward or downward. 

If we take the reciprocals of the members of (1), we obtain 
the curvature. 



? 
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EXAMPLES. 

Find B and the curvature of- each of the following curves : 

1. The parabola y^ = 4px. 

dy/dx = 2p/yj d^/dx^= —4p^/y\ 

Substituting these values in (1) of § 115, we obtain 
^^ y2 + 4j)2 N^3/2 yz _ 2(x4-p)8^2 



~\ y^ ) 



4p2 p 



1/2 



We neglect the quality of U, since the quality of dh//dx^ indicates 
whether the curve is concave upward or downward. 

At the vertex (0, 0), B = 2p, and the curvature is (l/2p) radian 
to a unit of arc. 

2. The equilateral hyperbola 27^ = a^. R = {x^ 4- yy^^/a\ 

3 TheelhDse^ + ^-l ^ = ^ 

6, ihe einpse ^2 + ^,2 - ^' as (a^y^ + h^x^^^ 

The maximum curvature is a/h% and the minimum h/a^. 
4. Thecurve2^ = x*--4x8 — 18x2at(0, 0). R = l/36. 



^ 5. The logarithmic curve y = a^. ^^ (^2 + ^2)8/2 ' "^ 

V 4 '^ ^ 

^ 6. The cubical parabola y^ = a^x. —■ = ,^ . , ovo^> * 

) . ds (92/* 4-^)8/2 

^ 7. The cycloid x = r vers-i (y/r) z^y/2ry — y'^. B = 2 V2ry. 

At the highest point K = 4 r, or the maximum of 22 is 4 r. 

8. The catenary y = ? (e^/" 4- e-«^/«). -^ = — , * 

2^ ds y^ 

9. The hypocycloid x2/8 + 2/2/8 = ^2 /s. B = S (oxyY /s. 

d0 ai/2 



10. The curve xi/2 4. 2/1/2 = ai/2. 



XI. The curve |/8 = 6 x2 + x'. 



ds 2(x + y)3/2 ^ 
(te ~[y* + (4x + x2)2]8/2; 



\ 
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116. To find R i/i terms of p and 0, 
From (4) and (10) of § 63, we have 

<^ = ^ + ,/r, i/r = tan-i — ^ 



/ 



de~ ^ de\ de~ p^ + (cip/aof 

d<t> p^-^2 (dp'/dOy -p-d'p/dff" 

do~ p^-{-(dp/dey 



.B = 



_ ds/do _ [p' + (dp/doyy^' 



d<l>/dO p2 + 2 (dp/dOy - p . d^p/dS' 



y . , V •: 



f 



^ ,^4-V 



§ 63, (3) 



EXAMPLES. 

Find R in each of the following curves : 

1. The spiral of Archimedes p = ad. 

Here dp/dd = a, d-p/d0^ = ; 



2. The logarithmic spiral p = a^. 

3. The lemniscate p^'=a^ cos 2 ^. 

4. The cardioid p = a(l — cos ^). 
6. The curve p = a sec^ (^/3). 



R = py/l 4-(loga)2. 

JJ = aV3p. 

JJ = 2V2ap/3. 

JJ = 2asec8(^/3). •-*< 



117. Co-ordinates of centre of curvature. Let P(x, y) 

be any point on the curve ah, 
and (7 (a, )8) the corresponding 
centre of curvature. 

Then PC equals R and is per- 
pendicular to the tangent PD, 

Hence, /.BCP = Z. XDP 

OA=OE- BP, 
AC=EP^-BC) 
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a = X — R sin <^, fi = y -{- It cos <f> ; 



that is, 
or 

Substituting in (2) the values of B and ds, we have 



a = X — Jtl -r-; 

ds 



P = y + M%- 



(1) 

(2) 



a = 05 — 



['-(1)1 



c?a5 



1 + 



cPy/da^ 



P = y + 



W 



d^y/dx^ 



(3) 



If the point (a?, y) moves 




118. Evolutes and involutes. 

along the curve MN, by equa- 
tions (3) of § 117 the point y 
(a, 13) will trace some other 
curve, as AB, The curve AB, 
which is the locus of the cen-' 
tres of curvature of MN, is 
called the evolute of MN. 

To express the inverse rela- 
tion, MN is called the involute 
of AB, 



119. Properties of the involute and evolute. 

I. From Cor. 1 of § 33 and ds = Bd<l>j we have 

dx = cos <l>ds = B cos <^ d<l>, (1) 

and dy = sin <l>ds = B sin <^ d<l>. (2) 

Differentiating equations (1) of § 117, and using the rela- 
tions given in (1) and (2), we obtain 

da = dx — B cos <f>d<f> — sin <^ dB = — sin ^ dB, (3) 
dp = dy — B sin <^ c?<^ + cos <^ dB = cos <^ c?^. (4) 

Dividing (4) by (3), we obtain 

dp /da = — cot <l> = — dx/dy. 

That is, the normal to the involute at (x, y), as Pi (§ 118, fig.), 
is tangent to the evolute at the corresponding point (a, /8), as Ci. 
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II. Squaring and adding (3) and (4), we obtain 

da^ + eZ^ = dR\ 

Let 5 denote the length of an arc of the evolute ; then 

da^ + d^^ = ds". 

Hence, ds = ±: dB ; .*. As = ± A^. 

That is, the difference between two radii of curvature, as 
CsPs ^^^ CiPi (§ 118, tig.), is equal to the corresponding arc of 
the evolute, as CiCg. 

These two properties show that the involute MN can be 
traced by a point in a string unwound from the evolute AB, 
From this property tlie evolute receives its name. 

120. To find the equation of the exwlute of a given involute. 
Differentiating the equation of the involute and using equa- 
tions (3) j3f § 117, we obtain a and p in terms of x and y. 
These two equations and that of the involute form a system 
of three equations between a, /8, x, and y. 

Eliminating x and y from these equations, we obtain a rela- 
tion between a and )8, or the equation sought. 

EXAMPLES. 
Find the equation of the evolute of 

j^ 1. The parabola y^ = 4px; (1) 

dy/dx = 2p/y, d^/6x^ = — 4i)2/y8. 

Substituting these values in (3) of § 117, 
we obtain 




.-. X = (a — 2p)/3, y = — V4 pp^. 

Substituting these values of x and y in (1), 
we obtain 

/32 = 4(a-2p)V27p, (2) 

as the equation of the evolute of (1). 

The locus of (2) is the semi-cubical parab- 
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ola. Thus, if nom is the locus of (1), F being the focus, then RAB is 
the locus of (2), where OA = 2p = 2- OF. 



-0 



'I 



2. The- ellipse aV + b^^ = aVj^, 



(1) 



Here 






2/8 



Hence, the equation of the evolute of (1) is 

(aa)2/8 + (6)3)2/8 = (a2 - 52)2/8. 



§ 155, fig. 9 



3. The cycloid x = r vers-i (y/r) q: V2ry — y\ 

dy _ ^2ry — y^ d^f _ r 



dx 



y 



dx2 



y 



.'.y = —p, x = a-2V-2r/3-/32. 
.\a = r vers-i (-m*) ± V-2r/3-/32. 

i2 



'^. 



(1) 




The locus of (1) is another cycloid equal to the given cycloid, the 
highest point being at the origin. 

That is, the evolvte of a cycloid is an equal cycloid. 

Thus, the evolute of the arc OE is the arc 0/S, which equals BX\ 
and the evolute of RX is SX, which equals OR. 

4. The hyperbola 62x2 — a22/2 = ^252. 

6. Find the length of one branch of the cycloid. 

Here JJ = 2\^n/; .-. /Sl? = 4r. 

ORX = 2 08 = 2 SR = Sr. 

6. The length of the evolute of the ellipse is 4 (a^ — 6^) /db. 

Find four times the difference between R at (0, b) and R at (a, 0). 
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7. Find the length of an arc of the evolute of the parabola y^ = 4px 
in terms of the abscissas of its extremities. 

AicAC=CP-AO= ^ ^L* 2p Example 1, fig. 

yp 

_ 2 /a+p\8/2 






8. Show that in the catenary y = - (e^^" + e-^f^^^ 

a = x — - Vy^ — a2, B = 2y. 
a 

9. Find the centre of curvature, and the equation of the evolute, of 
the hypocycloid x^/^ + ^2/8 = (j2/8. 

Am, a = x + 3x1/82/2/8. ^ = 2/ + 3x2/8yi/8. 

(a + i3)2/8 +{a- /3)2/8 = 2 a2 /a. 



CHAPTER IX. 
ENTELOFSS. OBDES OF COHXACT. OSCtlLATlnB CITRTES. 

121. Family of curves. If in the equation, 

f{x, y, a) = 0, 
different values are assigned to a, the resulting equations will 
represent a series of curves differing in position or form, but 
all belonging to tbe same class or family of curves. 

For example, if difierent values are assigned to a in tbe equation, 
(»-a)' + j^ = r, 
the loci of the resulting equations will be a series of circles all having their 
centres on the x-axis and the same radius r (g 122, fig.). 

As nsed in this chapter, the word curve includes the straight line. 

The quantity a, which is constant for the same curve, but 
diiferent for different curves, is called the parameter of the 
family. Any two curves of the family which correspond to 
nearly equal values of a are called consecutive curves. 

Of the families considered in this chapter the consecutive 
curves intersect. 

122. Envelopes. If when consecutive curves approach 

indefinitely near each other, 
their points of intersection 
approach limits, the locus of 
these limits is called the envel- 
ope of the family. 

For example, if a is a variable 
parameter, the envelope of the fam- 
ily of curves represented by the equation, 

(*-«)» + ^ = 25, 
is evidently the two lines y = ±.^. 

This envelope is evidently tangent to each curve of the family. 
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123. The envelope is tangent to each curve of the family. 
Let A, B, C represent three consecutive curves of the family. 
Let P be the point of intersection of the curves A and B, and 
Q that of B and C, Conceive the curves A and C to approach 
the curve B, so that arc P^ = ; then, since the limits of 




P and Q are on both the envelope and the curve B, the limit 
of the secant JfP^iV will be a common tangent to the envelope 
and the curve B, Hence, the envelope is tangent to the curve 
B at their common point. 

124. To find the equation of the envelope of a family of 
curves. 

Let f(x, y, a) = 0, (1) 

and f(Xf y, a-{- Aa) = 0, (2) 

be the equations of any two consecutive curves. 

Subtracting (1) from (2) and dividing by Aa, we have 



f(x, y,a-{- Aa) -f(x, y,0') _^Q 

Aa 



(3) 



By algebra the intersections of (1) and (3) are the same as 
those of (1) and (2). 

Making Aa = 0, from (3) we obtain ^^^ & !> 



^f(x,y,a) = 0. 



(4) 



The intersections of (1) and (4) are, therefore, the limits of 
the intersections of (1) and (2). Eliminating a between (1) 
and (4), we obtain the equation of the envelope. 
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EXAMPLES. 

1. Find the envelope of the family of straight lines represented by the 
equation y = ax + m / a, (1) 

Differentiating (1) with respect to a, we have 

= jc — m/a2. (2) 

Eliminating a between (1) and (2), we obtain 

y2 = 47nx; (3) 

that is, the envelope is the parabola (3). 

2. Find the envelope of the hypotenuse of the right-angled triangles 
which have the constant area c. 

Let a and j3 denote the lengths of the sides of the right triangles, 
and assume these sides as the co-ordinate axes ; then we have 

x/a + 2///3 = l, a/3 = 2 c. (1) 

Eliminating /3 between equations (1), we obtain 

x/a + ay/2c = \, (2) 

Differentiating (2) with respect to a, we have 

-x/a2 + y/2c = 0. (3) 

Eliminating a between (2) and (3), we obtain 

xy = c/2 ; 

that is, the envelope is an hyperbola to which the sides of the tri- 
angle are asymptotes. 

3. Find the envelope of a line of constant length c whose extremities 
move along two fixed rectangular axes. 

Let a and p be the intercepts of the line on the axes ; then 

x/a + y/p = l, a2 + /32=:c2. (i) 

Differentiating equations (1), we obtain 

Dividing the first of equations (2) by the second, we have 

x/a __ y/j8 _ x/a + y/p _ 1^ ^ 
ar2 /32 a2 + /32 c^' 

.-. a = (a;c2)i /s^ /3 = (yc^y /». 

Substituting these values in either of equations (1), we find the 
envelope to be the hypocycloid x2/8 + 2/2/8 = c2/* (§ 155^ fig, g^j 
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4. Find the envelope of the family of lines whose equation is 

a and /3 having the relation a/Z + /3/m = l. 

Ans, (x/Z)i/2 + (y/^)i/2 = i. 

5. Find the envelope of the family of ellipses defined by the equations 

xV«2 + yV/32 = 1, a^/m^ + ^/n^ = 1. 

Ana, The four lines ±x/m±y/?i = 1. 

6. Find the envelope of the family of right lines, 

y = ax±-y/a^a^ — l^, (1) 

where a is the variable parameter. 

Here = x ± . - ; .-. a = 3: — , • (2) 

Substituting this value of a in (1), we obtain 

b (X2 - a2) 6 r^ r 

y = q: - \ ^ = ip - Vx2 - a2, 

a V x2 _ a2 a 

or x2/a2-y2/52 = i. (3) 

In equations (1) and (2) the upper signs go together. 

Here, as in example 1, the equation of the tangent is given and 
that of the curve is required ; hence, the method of envelopes haa 
sometimes been called " the inverse method of tangents." 

7. Find the envelope of the family of parabolas y^ = a{x — a), a 
being a variable parameter. jijis. y = ± x/2. 

8. Find the envelope of the family of circles whose diameters are the 
double ordinates of the parabola y^ = 4 px. Ans. y^ = ^p(p + x). 

9. Find the envelope of the family of circles whose diameters are the 
double ordinates of the ellipse x^/a^ i-y^/l^ = l, 

Ans. x2/(a2 + 62) + y2/52 = i. 

10. Show that the envelope of the normals to any curve, MN (§118, 
fig.), is the evolute AB of that curve. 

Let P2 approach Ps as its limit ; then the intersection of the nor- 
mals P2C2 and PsCz will evidently approach Cs as its limit. 
Hence, the evolute AB is the envelope of the normals to MN, 
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11. Using the principle in example 10, find the evolute of the parabola 
y2 = ^px^ having given the equation of the normal in the form 

y = a(X'-2p)— pa^. 
\J 12. Find the envelope of the family of ellipses 

a being a variable parameter. Ans. x2 /a ^ y2 /a = ^2 /s, 

13. Find the envelope of the family of parabolas 

y = ax — (1 — a2)x2/2p, 



a being a variable parameter. 



Ans. 7^=p{p—2y), 




126. Different orders of contact. Let APB and CPD be 

any two curves, and let F, Q, E be three of their points of 
intersection. Suppose 

that Q moves toward P Q- ~- 

and becomes coincident 
with it. The curves are 
then said to have contact 
of the first order at P. 

At such a point the 
curves do not cross each 
other, since CP and QH ^'' 
are on the same side of 
APB, 

Again, suppose that Q and B both become coincident with 
P, Three points of intersection will then coincide at P, and 
the curves are said to have contact of the second order. 

At such a point the curves cross each other, since CP and 
RD are on opposite sides of APB, 

If four points of intersection become coincident at P, the 
contact is of the third order, and the curves do not cross at P. 

In general, if (k-\-V) ^points of intersection coincide at P, 
the contact is said to he of the \.th order, and the curves will, or 
will not, cross at P according as the order of contact is even 
or odd. 
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126. Analytic conditions for contact of the kth order. 

Let the curves y =fx and y = <l>x intersect in the points Pi, 

P P • • • 



y^u 




• • • • 



O Jf , 



M^ 



Let OMi = a, and let 
h denote the distances 
from Jfi to the ordinates 

JtfiPi, JfaPa, iSfgPs, 

that is, let 



M.x ;i, = 0, M^M^, M^M^, 



Then, for each of these values of h, we have 

<l>(a + h) =f(a + h), or =f(a -i-h)- 4>{a + h). (1) 

Expanding the second member of (1) by Taylor's theorem, 
we have 

l£ 
+ (/"'a - <^"'a) -. + ... + (/*«- ,^*a) - + . ■ -. (2) 

If Pa coincides with Pi, that is, if two values of h are zero; 
by the theory of equations, from (2) we have 

fa = <^a, /'a = <^'a. (3) 

Hence, (3) are the two conditions for contact of the first 
order. 

If three values of h are zero, from (2) we have 

fa = <l>a, fa = <f>'a, f'a=^4>''a. (4) 

Hence, (4) are the three conditions for contact of the second 
order. 

In general, if Z; + 1 values of h are zero, from (2) we have 

fa = ^a, /'a = <^'a, /"a = <^"a, • • •, f^a = <^*^a. (5) 

Hence, (5) are the k -{-1 conditions for contact of the kth. 
order. 
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Or, in the differential notation, if when x=- a 

y, dy /dxy dJh^ /doi?, • • •, d^y /dx*' 

all have the same values in one of two equations as in the 
other, the loci of these equations have contact of the ^th 
order at (a, y), 

Ex. Find the values of a, 6, c when the curves 

y = ax2 + 6x + c and y = log (x — 3) 
have contact of the second order at the pomt (4, 0). 

From y = log (x — 3), we have when x = 4, 

y = 0, dy/dx = l, d^/dx^ = -l. (1) 

From y = ax^ + &x + c, we have when x = 4, 

2/ = 16a + 46 4- c, dy/dx = Sa + b, d^/dz^ = 2a, (2) 

Equating the values of y, dy/dx, and d^/dz^ in (1) and (2), we 

obtain 

16a + 46 + c = 0, 8a + 6 = l, 2a = -1. (3) 

Solving'system (3), we obtain 

a =—1/2, 6 = 5, c=— 12. 

Hence, the curve y = — x2/2 + 5x — 12 has contact of the second 
order with the curve y = log(x — 3) at the point (4, 0). 

Only three independent conditions can be imposed on the three general 
constants a, b, c; hence, in general, the given curves cannot have an 
order of contact above the second. 

127. Osculating curves. The straight line of closest contact 
(a tangent) has, in general, contact of the first order ; for two 
and only two independent conditions can be imposed upon 
the two arbitrary constants in the general linear equation, 

y = mx + c. 

• 

The circle of closest contact, called the osculating circle, has, 
in general, contact of the second order ; for three and only 
three independent conditions can be imposed upon the three 
arbitrary constants in the general equation of the circle, 
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The parabola of closest contact j called the osculating parabola, 
has, in general, contact of the third order ; for the general 
equation of the parabola has four arbitrary constants. 

The conic of closest contact, called the osculating conic, has, 
in general, contact of the fourth order ; for the general equa- 
tion of the conic has five arbitrary constants. 

It was necessary to qualify the above propositions by the words ' in 
general ' ; for at particular points the contact may be of a higher order 
than at points in general. For example, at a point of maximum or mini- 
mum slope the tangent has three coincident points in common with the 
curve, the contact is of the second order, and the tangent crosses the 
curve (§ 109). Again, at a point of maximum or minimum curvature, 
the circle of curvature, which does not cross the curve at the point of 
contact (§ 130), has contact of the third order at least. 

128. The osculating circle is the circle of curvature. 

From §§ 115 and 126 it follows that any two curves which 
have contact of the second order have the same curvature at 
their common point ; and conversely. 

129. The circle of curvature, in general, crosses the curve at 
the point of contact. 

For its contact is, in general, of an even order. 

130. *At a point of maximum or minimum curvature, the 
circle of curvature does not cross the curve. 

For on each side of a point of maximum curvature, the curve 
changes its direction more slowly than at this point ; hence, 
on each side of this point, the curve lies without the circle of 
curvature at this point, and therefore does not cross it. 

For a similar reason, the circle of curvature at a point of 
minimum curvature does not cross the curve. 

Since the circle of curvature at a point of maximum or 
minimum curvature does not cross the curve, the contact 
must be of an odd order (the third at least). 

* By a maximum or a minimum curvature is meant an arithmetic 
maximum or minimum, the quality of the curvature not being considered. 
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EXAMPLES. 

1. By drawing the figures, show that the four intersections of a circle 
and an ellipse coincide when the circle becomes the osculating circle to 
the ellipse at either end of the major or the minor axis. 

2. Show that the curve 4 y = 3 x^ — x^ and the line 4 y = 3 x — 1 have 
contact of the second order. 

3. Show that the parabola 8 y = x^ — 8 and the circle x^ + y^ = 6y-\-7 
have contact of the third order. 

4. Find the order of contact of the hyperbola xy = 1 and the parabola r-, \ 
^ (x-2)2 + (y-2)2 = 2xy. 

6. Find the value of a when the hyperbola xy = 3 x — 1 and the 
parabola y = x + 1 + a (x — 1)2 have contact of the second order. 

Ans. a = — 1. 

6. Find the values of m and c when y = mz-\' c has contact of the 
second order with y = x' — 3 x2 — 9 x -f 9. ^^^^ m = — 12 c = 10. 

7. Find the values of a, 6, c when the curves 

y = x^ and y = 0x2 + 6x -f c 
have contact of the second order at the point (1, 1). 

8. Find the values of a, 6, c when the curves 

y = sin X and y = 0x2 _|_ j^. _)_ ^ 
have contact of the third order at (;r/2, 1). 

Ans. a= —1/2, b = ;r/2, c = 1 — ;r2/8. 









CHAPTER X. 

CHANGE OF THE INDEPENDENT YABIABLE. 

131. Different forms of the successive derivatives of 
dy/dx. 

(i) When x is independent, by § 78 we have 

d dy _ d^y d d dy ^ d^y 
dx dx dx^ dx dx dx ds? 

(ii) When neither x nor y is independent, dy/dx is a 
fraction having a variable numerator and a variable denomi- 
nator, and ddx = d^x, etc.; hence, 

d dy __dxd^y — dydj^x 
dx dx dx^ ^ ^ 

y d d dy _ dT^d^y — dxdyd^x — 3 dxd^xd^y + 3 dyjd^xf 

\z- dx dx dx dx^ ^^^ 



(iii) When y is independent, d^y = 0, d^y = 0, • • • ; hence, 
from (1) and (2) we obtain 



- » 


d dy dyd^x 
dx dx dx^ 


. / •■ t> 


d d dy ^dy{(^xy — dxdyd^x 


■J- 


dx dx dx dx^ 



(1') 

(2-) 



132. Change of the independent variable. In the appli- 
cations of the Calculus it is sometimes necessary to make a 
differential equation depend on a new independent variable 
instead of the one which was originally selected ; that is, we 
need to change the independent variable. 
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When X = <l>(z) and we wish to change the independent 
variable from x to z, we substitute for d^i//dx% cPy/dx% • • •, 
respectively, the second members of (1), (2), • • •, in § 131. 

In the resulting equation we substitute for x, ctx, d^x, • • % 
their values as obtained from the equation x = <l>(z). 

Ex. 1. Given x = cos^, change the independent variable from x to 

Substituting for d^/dx^ the second member of (1) in § 131, we have 

dxd^ — dyd^ _ x dy y __ . 

dx^ 1 - x2 da- "^ 1 - x2 ^ ' 

X = cos ^, .-. cZx = — sin Bdd^ 

d^ = —co8ed^, l--x2 = sin2 ^. 

Substituting these values in (2) and simplifying, we obtain 

d^/de^ + 2/ = 0. (3) 

Equation (3) is the differential equation which would have been 
obtained if the differentiations which led to (1) when x was independent 
had been performed on the same equation under the new hypothesis 
that X = cos d and 6 is independent. 

Ex. 2. Given y = tan z, change the function from y to 2 in 



cte2 



= 1+2(1 + 2/) /gyx2^ 

l+y2 \ax) ^' 



_ * dy ^ dz 

y = tan z. .*. -r = sec22 — - > 

dx dx 

— -2sec2.tan.(-)+sec2.-, 

1 + y = 1 + tan 2, 1 + 2/2 = sec22. 
Substituting these values in (1), we obtain 

d^z/dx^ — 2 {dz/dxf = cos^z. 



To change the independent variable from a; to y we substi- 
tute for d^y ld/3?y d^y/da^y • • •, respectively, the last members 
of (10, (2% • • •, in § 131. 
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Ex. 3. Change the independent variable from x to y in 

VctoV dx dz^ dx:^\(ic^J ^' 

Substituting in (1) for d^/dx^ and d^/dx^^ respectively, the last 
members of (10 and (20 in § 131, we obtain an equation which may be 
reduced to the form 

d^/dy^ + dH/dy'^ = 0. (2) 

The position of dy in (2) indicates that y is independent. 

EXAMPLES. 
Change the independent variable from x to 2 in 

^* ^^^ + owj^ + 6y = 0, given x = G^. 

Ana. dhi/dz'^ + (a — 1) (dy/dz) + 6y = 0. 

2. x3^ + 2x^ + ^y = 0, givenx = i- Ana. f| + a2y = 0. 
dx2 cte x^ ° z dz^ 

V 3. (l^«^)g = ^2' givenx = cosz. Ans. g = 0. 

J, d^ . 2x dy , y ^ . . 

dx^ 1 + x2 cte (1 + x-^)^ ° 

Am. d^y/dz^ + y = 0. 

^ (Py 1 dy , . . „ . . d^y ,dy , ^ 



Change the independent variable from a; to ^ in 



6. g + (e^ -X) (!)•= 0. 4n«. ^ + X = e». 



^- (^«l+^)(SH«l+0 



dx dx8 

. /d2x\2 /dx , \ d^x 

8. Change the independent variable from x to ^ in 

T._ [l + (dy/dx)218/2 . _ ^ 

■8 = ^^ hy/dx^ — ' given X = p cos ^, y = psm0. 

The answer is the value of M obtained in § 116. 



CHAPTEE XI. 

FUNCTIONS OF TWO OB MOBE YABIABLES. 

133. Partial differentials and derivatives. 

Let ^=/(aJ, y), 

where x and y are both independent. The differential of u as 
a function of x, y being regarded as constant, is denoted by 
9^.^*; and the differential of u when y alone is variable is 
denoted by QyU. These differentials are called the partial 
differentials of u with respect to x and y., respectively. 

The partial derivatives of u with respect to x and y are 
denoted by Qu/dx and Qu/dy, respectively. 

For example, if m = x^/a^ + ^2/52^ 

Bu/dx = 2x/a2, Bu/dy = 2y/h^, 

X 9w y 9u __ ^ , y? __ 
•*• 2 dx "^ 2 dy ■" a2 "*" 62 - ^• 

EXAMPLES. 

1. When w = 6^23. -}. cx2 + gy^ -f ex, 

9xW = (6y2 + 2cx + e)dx, a^w = (26xy + Sg'^)dy. 

2. w = logx», X- 9it/dx + 9w/dy = y + logx. 

3. u = y'^^ Bu/dx-h (y/x)'du/dy = u(\ogy + l), 

4. w = log(e* + e^), Bu/dz + du/dy = 1, 

6. w = log (x + Vx2 + y^), X'du/dx + y 'du/dy = l. 

6. u = xy/(x + y), x-du/dx + y Bu/dy = u, 

7. w = xyyar, X • du/dx + y • du/dy = (x 4- y + logw) w. 
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134. Total differentials. If we differentiate u = f(x, y), 
supposing X and y both to vary, we obtain the total differ- 
ential, dUf or df(x, y). 

The proofs in §§ 16-28 hold equally well when u, y, and z 
denote functions of two or more independent variables ; hence, 
the total differential of f(x, y) may be obtained by the prin- 
ciples in those articles. 

135. The total differential of a function of two or tnore 
variables is equal to the sum of its partial differentials. 

By §§ 16-28 we know that all the terms of df(x, y) are 
linear in dx and dy. Hence, if u =f(x, y), we may write 

du = <^(a;, y) dx + <^i (x, y) dy^ (1) 

where <^ (aj, y) and <^i (x, y) denote, respectively, the sums of 
the coefficients of dx and dy in the different terms of du. 
When X alone varies, (1) becomes 

When y alone varies, (1) becomes 

9y^ = <^i (^^ y) dy. (3) 

From (1), (2), and (3), we obtain 

du = Q^u + QyU. 

To iUustrate this theorem geometrically, let P (x, y) be a moving point 

in the first quadrant XOY^ x and y both 
being independent. 

Let CD and AH^ respectively, repre- 
sent what Ax and Ay would be, if at the 
values OC and OA the change of each x 
and y became uniform with respect to 
the same variable ; then CB = dx and 
AH=dy, 

u = area of rectangle OCPA = xy ; 

dxU = CDFP = ydx, 

ByU = APGH = xdy, 

du = CDFP + APOH 
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Notation. It is often convenient to denote Qju by -7— dx 

'^ ax 

or — U' dx, and dyU by -j- dy ot — u- dy. 
cbx o/y (xy 

If u =/(a5, y) = a, by § 135, we have 

^dx^'^dy^^du^^. (2) 

dx dy ^ ^ ^ 

Solving (2) for dy /dx, we obtain (1). 

Note. This formula for the derivative of an implicit function in terms 
of its partial derivatives is often useful and should be fixed in mind. 

Ex. Given yS — 2 x^y + &x = a = m, to find dy/dx. 

Here Qu/dx = — 4xy + 6, 

and Bu/dy = Sy^-2z^; 

.-. dy/dx = (4 xy- b)/(Sy^-2 x^). by (1) 



EXAMPLES. 
By § 135 find du when 

1. w = 6xy2 + cx2 + gy\ du - {^^ -\-2cx)dx-\- (2bxy + Sgy^dy, 

2. u = y^. du = y^ \ogydx + xy^-^ dy. 

3. M = loga^. du = x-^ydx-\- log xdy. 

4. w = tan-i (y/x). du = (xdy — y cto) /(x^ + ^), 
6. w = y Mn« du = y "°* log y cos x cZx + y »in^— 1 sin x dy. 

By § 136 find dy/dx when 

6. x8 + y8 — 3axy = 0. dy/dx = (x^ — ay)/(ttx — y^), 

7. x"»/a"» + y»»/&^ = 1. dy/dx = — (x/y)"»-i (b/a)"^. 

8. xy — y* = 0. dy/dx = (y^ — xy log y) / (x^ — xy logx). 

o ^1^^-., -.,1^^^-A dy_y xlogy-y , 

9. X log y — y logx — 0. 3- — ^ • 

oif if & dx x ylogx — X 



^ 
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137. If u =f(x, y, ^), y= ^ (x), and z = <t>i(x), u is directly 
a function of x and indirectly a function of x through y and z. 
The differentiation of such functions is often simplified by 
using the formulas in the next article. 

138. If u = f (X, y, z), y = <^(x), and z = <^i(x), 

du _ Qu Qu dy Qu dz 

dx dx dy dx dz dx ^ ^ 

where du/dx is the total derivative ofu as a function ofx. 

du = -z-dx-{--j-dy -{- -^dz. § 135 

dx dy dz 

Dividing by dx, we obtain (1). 

Cor. 1. If u =f(y, z), y = <l>(x), and z = <l>i(x), 

du __ du dy du dz 

dx dy dx dz dx ^ ^ 

Cob. 2. If u =f(y) and y =^ 4,(x\ ^ = ^^' 

EXAMPLES. 

1. w = z^ -f- y8 _(- 2^^ 2 = sin X, y = e^ ; find du/dx. 

Here du/dy = Sy^-\- z, Bu/dz = 2z-hy, 

dz/dz = cosx, dy /dx — &". 

Substituting these values in (2) of § 138, we have 

du/dx = (3 y2 + 2) e^j -f (2 2 -f y) cosx 

= (3 e2* -f sin a;) e^ 4- (2 sin x + &) cosx 
= 3 e^* + e* (sin x + cos x) 4- sin 2 x. 

2. M = tan-i (xy), y = &", du/dx = e«^(l + x) /(I -f x^e^^). 

3. w = €f^(y — 2), y = a sinx, z = cosx. du/dx = (a^ + l)e«^ sinx. 

4. M = tan-i^» x2 + 2/2 = y2. ^=_._^^^. - 

X ax Vr2 — x2 ' 

6. w = sm-» 2 = e*, y = x2. :r- = (a? — 2) — cos — • 

V dx ^ ' x^ x^ 
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6. M = Vx2 4- y2, y = mx + c. — = ^ • 

dx vx2 + (mx 4- c)2 

/ 7. u = sin-i (y — z), y = Sx, z = 4 x^. du/cte = 3/ Vl — x^. 
8. M = x*y2 — x4y /2 + X*, y = logx. du/cto = x^ [4 (logx)2 + 7/2]. 

139. Partial differentials and derivatives of higher orders. 

If we suppose only one of the independent variables to vary 
at the same time, by successive differentiations we obtain the 
sticcessive partial differentials &x'^, Q%u, Q^^"^, 9^y^^> * ' *> 

dx^ ' dj/^ -^ * dx^ ' dy^ ^ * 

For example, if u = x^ + xy^ + y^, 

da:U = (2 X + 2/2) dx, d^a:U = 2 dx% d^xU = ; 

dyu = (2xy + 2y) dy, ^\u = (2 x + 2) dy\ ^\u - 0. 



'&xy'^^ or ^^^ dxdy. 



If we differentiate u with respect to a;, then this result 
with respect to y, we obtain the second partial differential^ 

dxdy 

For example, if m = x^ 4- x2y2j 

9xW = (3 x2 4- 2 X2/2) dx, 92a^M = 4 xydxdy. 

dydx^ 

denotes the result obtained by differentiating u once with 
respect to y, then this result twice successively with respect 
to X, 

The symbols for the partial derivatives are 

9^M 9^M 9^i^ Q^u d^u 



Similarly, the third partial differential d^^iU, or ^ ^^^ dydx^, 



o> 



da^ dxdy dy^ dx^ dydx? 

In finding the successive partial differentials and deriva- 
tives of u, or f(Xj y), we treat dx and dy as constants, since a; 
and y are independent variables. 
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140. If«=/(^.y).^=^' (1) 

a»« 3% a'«^, etc.; (2) 



dx^dy dxdydx dydx^ 

that is, if u i5 differentiated successively m ^^mes M;t^A respect 
to X anc? n ^me5 with respect to y, ^Ae result is independent of 
the order of these differentiations. 

Suppose X alone to vary in w = /(a;, y) ; then 

^x^^ =f{^ + ^^> y) -/(^j y)' (3) 

Supposing y alone to vary in (3), we obtain 

\{^^u) =f(x + Aa;, y + Ay) -f(x, y + Ay) 

-/(aJ + Aar, ?/) +/(a;, y). 
In like manner we find 

A^(\u) =f(x + Ax,y-{- Ay) -f{x + Aa;, y) 

-f(^yy + ^y)-^f(^yy)' 

.\Aj,(Aji) = A^(Aj,u), 

Ay \ Ax J Ax \ Ay J ^ '^ 

Every term in A^u/Ax which contains Aaj vanishes in the 
limit ; again, every term in --^ It — ^ which contains Ay van- 

ishes in the limit ; hence, every term in — -^ — ^- which con- 

' ' ^ Ay Aaj 

tains either Aa; or Ay vanishes in the limit. 

Likewise every term in — ^ — ^— which contains either Aa; 

Aa: Ay 

or Ay vanishes in the limit. 

Hence, by (4) we have 

It^flt^'j^ltfflt^YorCl). 
Ay \ Ax J Ax\ Ay y ^ ^ 



or -^ 
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Differentiating (1) with respect to x, we obtain 

dx \dxdyj " dx \dydxj' dxdydx ~ dydx^ ^ ' 
Applying the principle in (1) to Qu/dx, we have 

dy dx\dx J ~ dx dy\dx J^ dx^dy ~ dxdydx ^ ^ 

From (5) and {6), we obtain (2); and so on. 

Cor. If, when Aa; = i and Ay = vi, we have 

A^xyU = <l> (x, y) Ax Ay + vi^, where ti > 2 ; 
then 9^^^ = <^(aj, y) c^%. (7) 

EXAMPLES. 

Verify the identities (1) and (2) of § 140 in each of the four following 
functions : 

1. u = cos (x + y), 3. M = tan— 1 (y/x). 

2. u = x^2 _|_ dys^ 4 w = sin (hx^ + ay^), 

5. Ifu = (x + 2^)^x^ + y^^ = -. 

X + y ' dx2 dxdy dx 
7. Ifu = (x2 + y2)i/2,x^g + 2xygj + y2g = 0. 

9 Tf ~ ^ a^ ■ a^ ■ a^_^ 

(X2 + 2/2 + 22)l/2» daj2 "^ d2/2 "^ d22 "' .^ ^ 
10. If M = e^^ /\ = (1+ 3 X2/2 + X2y222) ,^. 

11. If w = sin-i(xy2;), , , , =- g o oxfi/n * 
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141, To find the successive total differentials of a function of 
two independent variables in terms of its partial differentials. 

Let u =f(xy y); then, by § 135, we have 

or ^« = ^^. + 2^<^<., + |^:.2^. (2) 

Differentiating (2), remembering that, in general, each term 
in the second member is a function of both x and y, and apply- 
ing the principle of § 140, we obtain 

By successive differentiations, we obtain d*u, d^u, etc. 
From the analogy between these results and the binomial 
theorem, the formula for d^'u is easily written out. 

* 

142. Expansion of f (x + h, y + k). Eegarding x as the 
only variable, by Taylor's theorem we obtain 

f(x + h,y + k)=f{x, y + k) + h^f(x,y + k) 

Eegarding y as the only variable, we obtain 

k Q k^ Q^ 

fix, y-\-k)= f(x, y) + J ^ /(^. ^) "^ [2 ^ "^(^^ y)+'"' 

Substituting in (1) this value of /(a;, y + k), we obtain 
/(x + h,y + k) =f(x, y) + h^ f(x, y) + k^ f(x, y) 

+ |[^*S-^(^'^)+2AA^/(.,2,) + 7.»|J/(.,y)] + -.(C) 
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A symbolic expression for this formula is 
f{x + h,y + k) =f(x, y) + (^h-^ + k ay)f{x, y) 

1/9 9\' 



where 



\^ydx'^^dy) 
\ dx dy) 



is to be expanded by the binomial theorem and/(aj, y) written 
after each of the resulting terms. 

If u =f(Xy y)y we may put u for/(aj, y) in (C) and (C). 

Compare (C) with (1) in § 144. 

Cor. 1. By a similar course of reasoning Taylor's theorem 
is extended to the expansion of functions of three or more 
independent variables, in series analogous to that in (C), 
or (C). 

Cor. 2. By Taylor's theorem we obtain the value of 
f{x + h)—f(x) in ascending powers of h] that is, Taylor's 
theorem expresses the increment of f(x) in ascending powers 
of the increment of x. Similarly, by the extension of Taylor's 
theorem, we express the increment of a function of two or 
more independent variables in ascending powers of the incre- 
ments of those variables. 

143. Maxima and minima of f (x, y). 

/(a, h) is a maximum of /(«, y) when, for all small positive 
or negative values of h and k^ 

f(a + h,b + k)-f(a,b)<0. 

f(a, b) is a minimum of f(x, y) when, for all small positive 
or negative values of h and k, 

fia + h,b + k)-f(a,b)>0. 



_ Bn^ j.^^./cr^^.. ^■^i.-:rr."... -'- '-.^ •-' .cr->.-.^ ^ 



c^r-' 
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141. To find the successive total differentials of a function of 
two independent variables iii terms of its j)artial differentials. 

^ Let u =f(x, y)] then, by § 135, we have 

"^tt = -— dx + -T- dy, (1) 




When h and k are very small, the quality of 

fix + h,y + k) -f(x, y), 

or of the second member of (1), will evidently depend upon 
the quality of h and k unless 

Qujdx = 0, and Qu/dy = 0. (a) 

But, by definition, when f(x, y) reaches a maximum or a 
minimum value, the quality of f(x + h, y + k) —f(x, y) is 
independent of h and k. Hence, equations (a) express one 
condition for a maximum or a minimum oif(x, y). 

Suppose 03 = a, y = ^ to be one solution of system (a). 

Let Af IS, C denote the values of 

Q^u/dx^f Q^u/dxdy, Q^u/dy^, 
respectively, when x = a and y = h\ then from (1), we have 

f(a + h,b + k)- f(a, h) = i (Ah' + 2 Bhk +Ck!^+'" 

If 

(Ah + Bky + (AC-B^k' 

A\2 "^ • ^^^ 

The quality of the second member of (2) is independent of 
h and k when and only when AC — B' is positive or zero.* 
For when -4(7 — -B^ is negative, the numerator will be positive 
when A; = 0, and negative when Ah + Bk = 0. Hence, a 
second condition for a maximum or a minimum of f(x, y) is 

♦The limits of this treatise exclude the investigation of the exceptional 
case when AC = & or when A = B = C = 0, 






^ -"* ' -^ -u* successiye 

denvaui . 



^MJ CbAV 



Cos. 2. By a similar course of reasoning we may obtain 
the conditions for maxima and minima of functions of three 
or more variables. 

BXAMPLBS. 

Examine for maxima and minima 

1. u =/(x, y) = x^y + xy2 — axy. 

Bu/dx = {2x + y — a)yy Qw/dy = (2y + x — a)x, 
dhi/dx^ = 2y, d^/dy^ = 2x, 

Bhi/dxdy = 2x + 2y — a. 
Hence, condition (a) of § 144 is 

(2x + y — a)y = 0, (2y + x-a)x = 0; (1) 

and condition (b) is 

4xy >(2x + 2y — a)\ (2) 

System (1) has the four solutions (0, 0), (a, 0), (0, a), (a/3, a/3). 
The last, and it only, satisfies (2) ; hence, /(a/ 3, a/ 3) is a maxi- 
mum or a minimum of /(x, y). 
If a is positive, Qhi/dx^ is positive when y = a/S; hence, . 

/(a/3, a/3), or - aV27, ; 

is a minimum. K a is negative, 3H/dx^ is negative when y = a/^\ 
hence, — a8/27 is a maximum. 

2. w = x' + y8 — 3 axy. 

Ans. When a is +, — a' is a min. ; when a is —, — a' is a max. 

3. M = x2 + x7/ + y2_ax-6?y. Ans, {ab- a^-W)/Z\S2i,m\n, 
^4. u = x8y2(a-x-y). Ans. o^/ 432 is a max. 
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6. M = x* + y*- 2x2 + 4x2/ -22/2. ^^ -Sisamin. 

6. M = (2aaj-x2)(262/-y2). ^^^ a262 is a max. 

7. Find the maximum of xyz subject to the condition 

x2/a2 + y2/52 + 2;2/c2 = 1. 

Since xyz is arithmetically a maximum when x2y2 . 22/^2 is a maxi- 
mum, we put 

„ = x^j,.g = a,v(l-|-§). 
Here condition (a) of § 144 is 

and condition (b) is 

(-^•-S(-i-¥)>*(-f-¥)'- « 

The only solution of system (1) which satisfies (2) is 

x = a/V3, y = b/y/s. 

Hence, abc/sVs is a maximum of xyz, 

8. Given the sum of the three edges of a rectangular parallelepiped ; 
find its form when its volume is a maximum. ^^^^ j^ cube. 

9. Divide m into three parts x, y, z such that x«2/^2<^ may be a maxi- 
^^T^ Arts, x/a = y/b = z/c = m/(a + h + c). 

10. Divide 24 into three such parts that the continued product of the 
first, the square of the second, and the cube of the third may be a maxi- 
mum. Ans, 4, 8, 12. 

11. The vertices of a triangle are (Xi, 2/1), (xa, 2/2)? and (xs, ys) ; find 
the point the sum of the squares of whose distances from the vertices is a 



Ans, [(xi + Xa + Xs) /3, {2/1 + 2/2 + 2/3) / 3], or the centre of gravity 
of the triangle. "* 



CHAPTEE XII. 

ASTMFTOTES. SINGULAB POINTS. GTJBYE TSAGING. 

145. An asymptote to a curve is a fixed line which, is the 
limit of a tangent when the point of contact moves out along 
an infinite branch of the curve. 

146. To obtain the equations of the asymptotes to the curve 

A^>y) = o, (1) 

where f (x, y) is of the nth degree in x and y. 

Let y = mx -f I (2) 

be the equation of a tangent to (1). %• 

Substituting mx -f I for y in (IJ, we obtain 

f{x, mx-{-l) = 0. (3) 

Equations (2) and (3) form a system which is equivalent 
to the system (1) and (2); hence, the n roots of (3) are the 
abscissas of the n points common ta the curve (1) and its 
tangent (2). 

Since (2) is a tangent to (1), two roots of (3) are equal. 

Conceive the point of contact to move out along an infinite 
branch ; then the two equal roots of (3) will become infinites. 

Therefore, by algebra,* the coefficients of x^ and a;**""^ in (3) 
will approach zero as their common limit. 

* Substituting 1/x for x in (1), and multiplying by a?», we obtain (2). 
X" +i)ix»-i +1)2»"~^ + . . ' + p„_2X^ + Pn-ix+ p„ = 0, (1) 

Pn^+ Pn^ 1«"-^ + l)n-2*'*- ^+ ' ' ' + P2X^ + PiX + 1 = 0. (2) 

The n roots of (2) are the reciprocals of the n roots of (1). 

When Pn == andpn— i == 0, two roots of (1) = 0; .*. two roots of (2)= a. 

When Pn = and Pn-i = 0, two roots of (1) = ; .•. two of the n roots 
of (2) assume the form ap, and (2) has, in reality only n — 2 roots. 



128 



DIFFERENTIAL CALCULUS. 



Hence, by putting the coefficients of a^ and x^~^ equal to 
zero, and solving the resulting system of equations for m and 
Z, we obtain the slope and the intercept of each asymptote. 

Ex. Examine for afiymptotes the curve, 

y8 = aaj2 — x\ (10 

Let y = mx + Z (20 

be the equation of an asymptote to (!'). 

Substituting wix + Z for y in (!') and arranging the terms according to 
the powers of x, we have 

(m8 + l)x' + (3m2Z - a)x2 + 3 mlH + Z^ = 0. 




Putting the coefficients of x' and x^ equal to zero, we have 

m8 + l=0, 3m2Z — a = 0. 

The only real solution of system (3') ism = — 1, Z = a/3. 
Substituting these values in {2^), we obtain 

y = — x + a/3, 

which is the only real asymptote to curve (!'). 

The locus of {!') is the curve nOPm, and that of (4^) is the asymptote 
AB. 



(30 



(40 



CoR. 1. If we expand f(x, mx + Z) and arrange the result 
according to the descending powers of aj, (3) will assume the 
form 

A^J" + A-i^J""^ + A^_^7f-^ H + Ayx + AQ = 0. (4) 

A^ will be of the nth degree in m, but will not contain L 
4i-i will be linear in L 
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Hence, the system, ^ = and A„_i = 0, (when determi- 
nate) has at most only n solutions ; whence a curve of the nth 
order cannot, in general, have more than n asymptotes. 

When, as is assumed in this article, equation (1) is of the 
nth degree in y, there will be no asymptote parallel to the 
y-axis ; and conversely (§ 148). 

CoR. 2. The n ypots of equation (4) are the abscissas of 
the n points common to the curve (1) and the line (2). 

When A^= and A^_^ = 0, (4) is, in reality, of the 
(n — 2)th degree and has only n — 2 roots, the other two 
of the n roots assume the form cp. 

Hence, an asymptote to the curve (1) cannot have more than 
n — 2 points in common with the curve. 

For example, (!') and (4') form a system which is defective in two 
solutions ; hence, the asymptote AB, or (4'), has only the one point P 
in common with the curve nOPm, or {!'). 

Any line parallel to an asymptote has a slope m which 
satisfies -4„ = ; but when A„ = 0, (4) has only n — 1 roots. 

Hence, any line parallel to an asymptote to the curve (1) can- 
not have more than n — 1 points in common with the curve. 

For example, (I') and y = —x -\- c form a system which is defective in 
one solution ; hence, any line parallel to AB cannot have more than two 
points in common with the curve nOPm. 

EXAMPLES. 
Examine for asymptotes 

1. The folium of Descartes x^ + y^ = S ctxy. § 165, fig. 6 

2. y8 = ax2 + a;8. y = x-\-a/S. 

3. The conic sections. ay = ± bx, 

4. (y^ — 1) y = (x2 — 4) X. y = x. 





y' " 






/ 
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6. X* — 2/* - a2xy = d^ys. y = ± x. 

7. y8 — Cajy2__iij;2y__ox' + x + y = 0. y = x, y = 2x, 2/ = 3x. 

a x8 + 3x2y - xy2 _ 3y3 + j2 _ 2xy + 3y2 + 4x + 5 = 0. 

y = - x/3 - 3/4, y = X + 1/4, y = - x + 3/2. 

9. Prove that the asymptote y = — x lacks three points of intersec- 
tion with its curve x^ + y* = a\ 

147. Parallel asymptotes. In (4) of § 146 it sometimes 
happens tliat A^_i = does not determine I for one or more 
of the values of m given by A^ = 0. If, in this case, I is 
determined by A^_2 = 0, which is a quadratic equation in Z, 
we shall obtain for each value of m two values for L This 
gives tiro jhuhiUvI asymptotes, each of which lacks three 
points of intersection with its curve; for, in this case, (4) 
in § 146 has only m — 3 roots, the other three roots assume 
tlie form cp. 

If / is not determined by -l^^* = 0, but is determined by 
-J,_3 = 0, we obtain three purailel asymptotes ; and so on. 

CoR. Any one of A* parallel asymptotes lacks A* + 1 points 
of intersection with its curve ; and any line parallel to A* par- 
allel asymptotes lacks A* jK)ints of intersection with its curve. 

E3:. Examine y* — xy- — x-y + x^ H- x- — y- = 1 for asymptotes. 

Substitutin!; wix -r I for v, we obtain 

(m* — m- — m + 1 ) x * -f ^3 m^ — m- — 2 wJ — / + n x- 

-f ^3 m:- - 2 ml -r-\x-h{l^- :- - 1) = 0. 

Equating the coefficient's of x' and x- to zerv^, we have 
m^ — M.- — Hi -i- 1 = 0. ^1> -» 

3 m^ — ri- — 2 ird — ^ -r 1 = 0. (2) I 

From (1), m = — 1 or 1. 

When m = — 1, from (2) we obiain 1 = 0; hence, one asj-mptote is 

y = — X. 
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When m = 1, (2) does not determine L This indicates that there are 
parallel asymptotes having the slope 1. To obtain the values of I for 
these asymptotes, we equate the coefficient of x to zero, and obtain 

37Mi2-2mi-Z2 = o. (3) 

When m = 1, from (3) we obtain 1 = or 1 ; hence, the parallel 
asymptotes are y = x and y = x + 1, 

148. Asymptotes parallel to either axis. In § 146, let 
the axes be revolved until the y-axis is parallel to an asymp- 
tote ; then one value of m will assume the form cp ; hence, 
An = will be below the nth. degree in m, and therefore 
f(Xy y) = will be below the nth. degree in y. 

Conversely, if f(x, y) = is below the nth degree in y, there 
will be one or more asymptotes parallel to the praxis. 

Hence, if f(Xy y) = is below the nth degree in either x or 
y, there will be one or more asymptotes parallel to a co-ordi- 
nate axis. To find the equations of these asymptotes, equate 
to zero the coefficients of the highest powers of x and y. 

The following example will make clear this principle : 

Ex. Find the asymptotes of the curve, 

2/2x2 — 32Ac2 - 5xy2 + 2x2 H- 6y2 + aj + y + 1 = 0. (1) 

Arranging (1) in descending powers of x, we have 

(2/2 - 3y + 2)x2 - (5y2 - i)x + 62/2 + y -f- 1 = q. (2) 

Equating the coefficient of x2 to zero, we obtain 

2/2 — 32/4-2 = 0; that is, 2/ = 1, 2/ = 2. 

Substituting 1 for 2/, (2) becomes — x + 2 = 0. 

Hence, (2) and 2/ = 1 form a system which is defective in three solu- 
tions ; that is, (2) and y = 1 have only one common point. 

Substituting 2 for 2/, (2) becomes — 19x + 27 = 0; hence, (2) and 
y = 2 form a system which is defective in three solutions. 

Therefore, y = \ and 2/ = 2 are two parallel asymptotes, which are 
parallel to the x-axis. 

Arranging (1) in descending powers of y, we have 

(x2 - 5x + 6)2/2 - (3x2 - 1)2/ + 2x2 + X + 1 = 0. (3) 

From (3) we see that x = 2 and x = 3 are two parallel asymptotes, 
which are parallel to the y-axis. 
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EXAMPLES. 

Find the asymptotes to 

L The cissoid of Diodes (2a — x)y^ = x\ 
See example 3 and fig. 3, § 155. 

2. The strophoid x (x2 + 2^) + a {x^ — y^) = 0. 
See example 7 and fig. 7, § 155. 

3. xy^ H- x8y = a*. x = 0, y = 0. 

4. y2(x2-a2) = x. 6. x^^ = d^ {x^ + y^, 

6. xy — cy — 6x = 0. 7. (x — hf (y — c) = a\ 

8. {x — a)y^ — x^ — ax^. x = a, y = ±x^^. 

9. x« H- 2 x2y + xy2 — x2 — xy = — 2. x = 0, y = — x, y = — x + 1. 
10. 2^ — X2/2 — aj2y + x8 + x2 — y2 = 1. y = ± x, y = x + 1. 

U. x2y2-x2y-xy2 + 2x + 3y + l=0. 

y = 0, y = 1, X = 0, X = 1. 

12. y* — 6xy2 + 8x2y — 4x3 — 3y2 + Qxy — 6x2 + 2y — 2x = l. 

y = x, yp2x + l, y = 2x + 2. 






i'/f: 



k: 



149. Asymptotes to polar curves. When 
OF, or p, revolves about 0, it will become cp 
when, and only when, it is parallel to an 
asymptote, as SN. Hence, any value of 
^ which makes p = op gives the direction of 
an asymptote, and the corresponding value 
-- of the subtangent OS gives the distance and 
direction of this asymptote from the pole 0. 

EXAMPLES. 
Examine for asymptotes 
1. The hyperbolic spiral pB = a. 

When ^ = 0, p = ap, and the subt. = — a. 

Therefore, the line parallel to the polar axis and at the distance a 
above it is an asymptote to the spiral. 




t. ■'"-' o 
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2. The curve p cos 6 = a cos 2 e, 

y When ^ = ;r/2, p = ap, and subt. = — a. 

^^ Hence, the line perpendicular to the polar axis at the distance a to 

the left of the pole is an asymptote. -v 

' ^, 3. The curve p2 cos 6 = a^ sin 3-^. ]^'' , 



3 



4. The curve p = a sec 2 ^. 

There are four asymptotes forming the sides of a square, each 
being at the distance a/2 from the pole. 

6. The polar axis is an asymptote to the lituus pVe = a. 



Singular Points. 

150. The singular points of a curve are those points which 
have some peculiar property independent of the position of the 
co-ordinate axes. Points of inflexion and multiple points are 
varieties of singular points. 

Points of inflexion have already been considered in § 109. 

151. A multiple point is one through which two or more 
branches of a curve pass, or at which they meet. 




A multiple point is double when there are only two 
branches, triple when only three, and so on. 

A multiple point of intersection is a multiple point at 
which the branches cross each other (fig. a). 

An osculating point is a multiple point through which the 
branches pass and at which they are tangent to each other 
(figs, b and c). 
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A cusp is a multiple point at which, the branches terminate 
and are tangent to each other (figs, d and e), 

A cusp or osculating point is of the first or the second 
species according as the two branches are on opposite sides 
(figs, h and d) or the same side (figs, c and e) of their common 
tangent. 

152. To find the multiple points of a curve. 

At a multiple point each branch has its own tangent; hence, 
at such a point dy/dx has two or more values. 

Let f(x, y) = be the algebraic equation of the curve free 
from radicals and fractions ; then, by § 136, we have 

Since u contains neither radicals nor fractions, this expres- 
sion for dy/dx can have only one value at any given point 
unless it assumes the indeterminate form 0/0; hence, at a 
multiple point we have 

Qu/dx = 0, Qu/dy = 0. (1) 

Any solution of system (1) which satisfies the equation of 
the curve gives a point on the curve at which 

dy/dx ==0/0. (2) 

The form in (2) can be evaluated by the method of § 88. 

If, in (2), dy/dx has two or more unequal real values, the 
point is, in general, a rnultiple point of intersection. 

If, in (2), dy/dx has two equal real values, the point is, in 
general, an oscxdating point or a cusp. 

Ex. 1. Examine the curve jc* + ox^y — ay^ = for multiple points. 
Here w = x* + ax^y — ay^ = ; (1) 

.*. Bu/dx = 4 x3 + 2 oxy, Bu/dy = ox^ — 3 ay\ (2) 

Equating these partial derivatives to zero, we have 

»(2x2H-ay) = 0, x^- 32/2 = 0. (3) 
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The only solution of system (3) which will satisfy (1) is x = 0, y = 0; 
hence, the only point to be examined is (0, 0). 
From (2) and § 136, we have 

dy _ 4a8 + 2axy _0 fx = 0, 

cto ~ 3a2/2 - ax2 "■ ^^®^ I y = 0. 

Evaluating this fraction by the method of § 88, we find 

dy/dx]oiO = 0, +1, — 1. 

Hence, the origin is a triple point of intersection at which the inclina- 
tions of the branches are, respectively, 0, ^/4, 3 ;r/4. 

The general form of the curve at the origin is shown in § 161, fig. a. 

Ex. 2. Examine the curve a^y^ = a^x* — x^ for multiple points. 

Here u = a*y^ — a^ + x^ = O; (1) 

.-. aw/dx = — 4 a2x8 + 6 x^, Qu/dy = 2 a*y. (2) 

The only solution of the system, 

-4a2x8 + 6x6 = 0, 2a*y = 0, (3) 

which will satisfy (1) is x = 0, y = 0. 

dy _ 4 g^xs — 6 x^ _ / x = 0, 

dx" 2a*y ''0^^^''\y = 0. 

Evaluating this fraction, we have 

d/y/dx]o,o = '±0. 

An inspection of its equation shows that the curve passes through the 
origin and is symmetrical with respect to the x-axis ; hence, the origin is 
an osculating point of the first species {§ 155, fig. 5). 

Ex. 3. Examine y^ = x(x-\- a)^ for multiple points. 

„ dy 3x2 + 4ax + a2 ^ fx=—(i.. 

Here -y- = = - when < . ' • 

dx 2y ly = 0. 

Evaluating this fraction, we obtain 

dy/dx]_o,o = ±V— a. 

When a is, negative, (— a, 0) is a double point of intersection. 

When a is positive, the slopes of both the branches which pass through 
the point (— a, 0) are imaginary ; hence, these branches do not lie in the 
plane of the axes, but are a part of the imaginary locus. 

When a is positive, the multiple point (— a, 0) is isolated from the rest 
of the plane locus, and is called a conjugate point* 
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153. A conjugate point is a multiple point which is formed 
by imaginary branches meeting or crossing each other in the 
plane of the axes. 

Such a point is, in general, entirely isolated from the plane 
locus ; but in exceptional cases it may lie on it. ' 

At a conjugate point dy/dx is, in general, imaginary; but in excep- 
tional cases it niay be real, since the tangents to the imaginary branches 
at such a point may lie in the plane of the axes. 

A shooting point is a multiple point at which two or more branches 
end but are not tangent to each other. A stop point is a point at which 
a single branch of a curve ends. As a shooting point or a stop point 
never occurs on an algebraic curve, they will not be further considered. 

EXAMPLES. 
Show that the curve 

L aifi = x8 has a cusp of the first species at (0, 0). § 155, fig. 2. 

2. 2^ = 2 0*2 — x' has a cusp of the first species at (0, 0). § 155, fig. 4. 

3. oj' + 2/* = 3 axy has a double point of intersection at (0, 0). § 155, 
fig. 6. 

4. y2 =z aj2 (a2 — x2) has a double point of intersection at (0, 0). 

The form of this curve is similar to that of the curve in § 155, fig. 13. 

5. a; (aj2 + y2) = a (y^ — x^ has a double point of intersection at (0, 0). 
§ 155, fig 7. 

6. ifi (a^ — x2) = X* has a point of osculation of the first species at 
(0, 0). 

7. y2 = 2 x^ + a;*y — 2 x* has a conjugate point at (0, 0). 

The slope of each branch at (0, 0) is real ; but (0, 0) is an isolated 
point ; hence, it must be a conjugate point at which the tangents to 
the imaginary branches lie in the plane of the axes. 

8. ay2 = (x — a)2 (x — 6) has at (a, 0) a conjugate point when a < 6, 
a double point of intersection when a >- 6, and a cusp when a = 6. 

9. a8y2 — 2 abx^ = x^ has at (0, 0) a point of osculation and a point 
of inflexion on one branch. 
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Curve Tracing. 

164. Symmetry. The following principles of symmetry 
of loci are easily proved : 

A locus is symmetrical with respect to the cc-axis when its 
equation contains only even powers of y. 

A locus is symmetrical with respect to the y-axis when its 
equation contains only even powers of x, 

A locus is symmetrical with respect to the origin when the 
terms in its equation are all of an odd or all of an even degree 
in X and y. 

166. To trace the locus of an equation we first find its 
Axis or centre of symmetry, if any ; 
Intercepts on the axes, and its limits ; 
Maxima and minima ordinates, if any ; 
Asymptotes and singular points, if any. 

It is useful to remember also that an infinite branch is 
convex toward its asymptote. 



EXAMPLES. 
1. Trace the cubical parabola a?y = x'. 




Fia. 1. 



The origin is a centre of symmetry and a point of inflexion, to the 
right of which the curve is concave upward. The infinite branches 
are in the first and the third quadrant. When x = ±oo, = 7r/2. 

For the form of the curve, see fig. 1. { 
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Fig. 2. 



When w 



2. Trace the semi-cubical parabola ai/2y = x3/ 2^ Q]. fljy2 =:jp8. 

The curve is symmetrical with respect to the 
a^axis, and lies to the right of the ^-axis. 
The origin is a cusp of the first species. 
When x = cOy <t> = fC/2, 
For the form of the curve, see fig. 2. 

The curve 

an-iy =r x» (1) 

is frequently called the parabola of the nth degree, 
n being greater than unity. 
When w = 2, (1) becomes 

ay = x2, (2) 

the locus of which is the common parabola with 
its axis on the ^-axis. 

When n is an even integer or a fraction having 

an even numerator and an odd denominator, the 

general form of curve (1) is that of the common 

parabola (2). 

is an odd integer or a fraction with an odd numerator and 

an odd denominator, the general form of curve 

(1) is that in fig. 1. 

When n is a fraction having an odd numer- 
ator and an even denominator, the general form 
of (1) is that in fig. 2. 

3. Trace the cissold of Diodes, 
y2=aj8/(2a — X). 

j^ The X-axis is an axis of symmetry. The 
curve passes through (a, a) and (a, — a). It 
lies between x = and the asymptote x = 2 a. 

The origin is a cusp of the first species. (See 
fig. 3.) 

To construct the cissoid geometrically, draw 
any line OB from O to XR, and take 

RP=08; 

then P will be a point on the cissoid. 
Fig. 3. 




R 
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4 Trace the curve y' = 2 ax^ — x'. 
y = ~x + 2 a/3 

is an asymptote. 

(2 a, 0) is a point of inflexion, 
to the right of which the curve 
is concave upward. Hence, 
the infinite branch in the fourth 
quadrant lies above the asymp- 
tote, and the one in the second 
^ below it. 

When « = 4 a/3, 

y = 2aV4/3, 

a maximum ordinate. _ ^ 

^ ... > X, ^o. *• 

The origm is a cusp of the 

first species, the y-axis being tangent to both branches. (See fig. 4.) 

5. Trace the curve a*y^ = a^^ '~ 3^» 

Each axis is an axis of sym- ^ — ^ Y 

metry. The origin is an oscu- 
lating point of the first species. 
The curve is enclosed by the 
tangents 

x = ±a,y = ±2 aVs/9. 
When x= ± a V6/3, Fio. 5. 

y = 2 a v3/9, a max imum. 

When x = ± aV27 — 3V33/6, (x, 2^) is a point of inflexion. (See 
fig. 6.) 

6. Trace the folium of Descartes y* — 3 axy + x* = 0. 

y=— X — a is an asymptote. 

The infinite branches are concave 
upward, and hence lie above this 
asymptote. 

dy/dx = at (0, 0) 

and (aV2, aVi); 

dy/dx = apa.t (0, 0) 

and (aVi, aV2). 

This indicates a double point of 
intersection at the origin and a loop 
tangent to the axes and the lines fio. 6. 

y = a Vi and x = a Vi. (See fig. 6.) 
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7. Trace the strophoid x (x^ + y^'\-a {pfi — y^) = 0. (See fig. 7.) 

8. Trace the hypocycloid of four cusps x^^^ + ^2/8 = o2/8^ 

Each axis is an axis of symmetry. 

The limits of the locus are x = ± a, y = ± a. 

dy/dx = - (y/x)i/8 = 0, at (- a, 0) or (a, 0), 

= apy at (0, — a) or (0, a); 

hence, there is a cusp of the first species at each of these four points. 

d^/dz^ = a2/V3x*/3yi/8. 

hence, the curve is concave upward in the first and second quadrants. 
(See fig. 8.) 





Fig. 7. 

In order to examine this curve for cusps by the method of § 152, 
it would be necessary first to rationalize its equation. 

This curve is traced by a point, P, in the circle PB (fig. 8) as it rolls 

within the fixed circle XBYX\ whose radius is four times that of the 

circle PB. 

9. Trace the evolute of the ellipse, 

(ax)2/« + (6y)2/8 = (a2ea)2/», 

where a and b denote the semi-axes, 
and e the excentricity of the ellipse. 

Each axis is an axis of sym- 
metry. The curve is enclosed by 
the lines x=± a^, y = ± a^/b, 

dy/dx = - (a-y/l^x)^f* = 0, 

at (— (ff=-\0) or (ac2, 0); 

dy/dx = qf), 
at (0, - (iV»/6) or (0, a^/b). 




rto. 9. 
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Hence, there is a cusp of the first species at each of these four 
points. 

The curve is concave upward in the first and second quadrants. 
(See fig. 9.) 

10. Trace the conchoid x2y2 = (62 — ^2) (o^ 4. y^, 

11. Trace the witch of Agnesi (x^ + 4 a^) y = 8 a^. 



;r/2, cos-^(— 6/a), 



&, 



I ^« • 



12. Trace the curve x^ + y^ = a\ 

13. Trace the polar curve p = a cos ^ + 6. 
When ^ = 0, ;r/4, 

p = a -{■}), V^a/2 + 6, 

when ^ = 3;r/4, tt, 

p=— V2a/2 + 6, — a + 6, 

These values of p will recur in 
reverse order as d increases from 7t 
to 2 ;r ; hence, the locus is symmet- 
rical with respect to the polar axis. 

Locating these points for a = 3 and 
6 = 2, we obtain the curve in fig. 10. 

When a > 6, the point O is a double 
point of intersection, as in the figure. 

When a = 6, is a cusp. 

When a<;6, there is a point of 
inflexion at B and at /S, and O is not 
on the curve. 

When a = 6, this curve is called 
the cardioid. 

When a = 2 5, it is called the limagon, 

14. Trace the curve p = a sin 3 ^. 

p = a, a maximum, when sin 3 ^ = 1; 
that is, when = 7t/6, 5 ;r/0, • • •, 

p = — a, a minimum, when sin 3^ = — 1; 
that is, when 6 = 7t/2 , 7 ;r/6, • • •. 
When^ = 0, it/6, it/Z, ;r/2, 2;r/3, 6;r/6, ;r, 
P = 0, a, 0, — a, 0, a, 0, 

The curve consists of f^ree equal loops. (See fig. 11.) 



0; 




Fig. 10. 
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16. Trace the curve p = a siii 2 ^. 

The curve consists of four equal loops. (See fig. 12.) 
The locus of p = slu ^ is a circle, a curve of one loop. 

From the number of loops when n = 1, 2, 3, we infer that the 
locus of p = a sin nd consists of n loops when n is odd, and 2 n loops 
when n is even. 





Fig. 11. 



Fia. 12. 



Fig. 13. 



16. Trace the lemniscate p2 = a2 cos 2 ^. 

The lemniscate is the locus of the 
intersection of a tangent to the equi- 
lateral hyperbola and a perpendicu- 
lar to the tangent from the origin. 
(See fig. 13.) 

17. Trace the curve p = a sin8(^/3). 
(See fig. 14.) 




Fig. 14. 



18. Trace the curve p = a cos ^ cos 2 ^. 



19. Trace the logarithmic spiral p — ef^. 



•3-Z- 






; 



;- a 



PART II. INTEGRAL CALCULUS. 



CHAPTER I. 

8TANDABD FOBMS. DIBEGT INTE6BATI0N. 

166. Integration. Having given the differential of a func- 
tion, integration is the operation of finding the function. In 
other words, having given the ratio of the rate of a function 
to that of its variable, integration is the operation of finding 
the function. 

A function is called an integral of its differential. 
Thus, fx is an integral of f\x) dx, 

167. The general or indefinite integral of any differential 
i^(x)dx is the most general function whose differential is 

<f>(x)dx. The sign of indefinite integration is I . Thus, | in 

the expression I <j} (x) dx denotes the operation of finding the 

indefinite integral of <f>(x)dx, while the whole expression 
denotes the indefinite integral itself. 

For example, if C is a general constant, x^+ C is the most general 
f miction whose differential is 3 x^dx ; that is, 



/■ 



3x2dx = x8 + C. 
x', x' — 1, x* + 8, • • • are particular integrals of Sx^dx, 

The signs d and j indicate inverse operations, and, in gen- 
eral, neutralize each other. 
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Thus, dl <j>(x)dx~<l}(x)dx'j 

and fd(fx + C) =fx + C ; 

but Cdfx =fx + (7, 

where C denotes a general constant called the constant of 
integration. 

Notation. In the following pages we shall use fx+ C to 
denote the general or indefinite integral of the differential 
<f> (x) dx. 

158. Elementary principles. 

(i) C^(vi) du = fu + C, if dfu = ^(n) du. 

This principle affords the simplest proof of formulas for 
indefinite integration. 

u'^du = — —T + C, since d — r-T = W'dui 

71 + 1 ^ 71 + 1 ' 

/du ^^1 * du 

— = log u + (7, since d (log it)= — : 
u / ^ ^ ^ u 

/a* a" 
a'^du = z h C, since d = a^du, 
log a log a 

In like manner all the formulas in § 159 can be proved. 

(ii) A constant factor can be transposed from one side of the 
sign of integration to the other without changing the value of 
the integral. 

For if a and c denote any constants, we have 

ady = d (ay + ac) ; 

.'. I ady = a(y-\- c) = a j d(y -^6) = a Cdy. 
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(iii) The integral of a polynomial is equal to the sum of the 
integrals of its several terms. 

For du + dy + dz = d(u-{'y + z+ C)\ 

,\ I (du -{- dy + dz) = u-\- y -{- z + C 

= I du + I dy + I dz, 
(iv) To =(7, since dC=0, 

169. Standard forms and formulas. We give below a 
list of standard integrable forms. To integrate a differential 
directly, we reduce it to some one of these standard forms, 
and apply the formula. The most of these formulas are 
easily obtained by reversing the formulas for differentiation, 
and each is readily proved by (i) of § 158. *The list will be 
gradually extended, and a supplementary list given later. 

f^ I u'^du = — — r + C, where n is not — 1. fll 

J n-\-l •- -■ 

y /^ = iog« + c. [2] 

y Ce^'du = e« + (7. [4] 

I sin udu = — cos u+ C, or vers u + C. [5] 

I cos udu = sin w + (7, or — covers u + C. [6] 

j sec^udu = tan w + (7. [7] 

I Gschidu = — cot w + (7. [8] 
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I sec u tan udu = sec w + C. [9] 

I CSC u cot udu=: — CSC u + C. [10] 

/ ■ j tan %(?w = log sec ii + C, [11] 

v^ I cot udu = log sin w + (7. [12] 

CSC udu = log tan ^ + (7. [13] 

1 sec we^t* = log tan ( o + T ) + ^« [1^] 

\ r-i^a=- ^^"' - + ^, or - i cot-i - + C. [15] 

/(?w 1 . u — a 1 a — w ' 

"l 2 = 7r l^g ^T~ + C', or ;r- log — -— + C. [16] 



c?w . , w . ^ .u 



K 



— =^= = sin-^ - + C, or — cos-^ - + C7'. [17] 

V a* — w' ^ ^ 



c^i^ 



r , =log(^ + V^7±^ + a [18] 

f /"" = - sec-i - + (7, or - i cso-^ - + C". [19] 
J wVt?— a^ a a a a 

C , ^^ = vers-i - + C, or - covers-^ - + C\ [20] 

J V2 aw - w^ a a L J 



Of these twenty forms only the first three are really /wnc^o- 
mental; for by proper substitutions each of the others can be 
reduced to one of these three. 

In the applications of these formulas we shall omit the 
constant of integration C, as it can readily be added when 
necessary. 
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160. The variable parts of the indefinite integrals of the 
same or equal differentials are equal or differ by a constant. 

For if the differentials of two functions are equal, the rates 
of these functions will be equal ; hence, the functions will be 
equal or differ by a constant. 

For example, in formula [6] vers u and — cos u differ by 1 ; and in 
[17] sin-i(w/a) and — cos-i(w/a) differ by ;r/2. 

161. Formulas [1] and [2] may be stated in words as 
follows : 

The integral of a variable base with any constant exponent 
(except — 1) into the differential of the base is the variable base 
with its exponent increased by 1, divided by the new exponent. 

The integral of a fraction whose numerator is the differential 
of its denominator is the Naperian logarithm of the denominator. 

Formula [1] fails to give a finite result when n= — 1\ but 
formula [2] provides for this case. 

Formula [2] gives a real result only when u is positive. 

EXAMPLES. 
By § 158 and formula [1] or [2], find 



1. I a3fidz = a I 3ifidx = ax'^ /7. 

The meaning of this result is that ax^/T + C is the most general 
fimction which changes aafi times as fast as x, or that y = ax^/l + C 
is the equation of the family of curves whose slope is aafi. 

/4dx /* 

-^ = 4 I x-^dx = — ar-*. 

Here m = x, n = — 5, and n + 1 = — 4. 

3. r(x2-a2)8/2xdx = | r(x2-a2)8/2.2xdx = (x2-a2)6/2/5. 

Here n = 3/2, u = x2 — a^; .-. du = 2 xdx. 
Hence, we introduce the factor 2 before xdz and write its recip- 
rocal 1 /2 on the left of the sign of integration. 
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(x + l)2dx = a(x+ 1)8/3. 



4. Ja 

Wlien the integral is not given, the result obtained by integration 
should be verified by principle (i) of § 168. 

^ 10. j 6(60x2 + 86x8)6/8(2ax + 4te2)^ 

V =g r (6aaj2 + 86x8)6/8(i2ax + 24te2)cte 

= 6(60x2 + 86x8)8/8/16. 

U. r[o(ox + 6x2)i/3djj + 26(ax + bx^)^^^xdx] 

= I (ox + 6x2)i/8(a + 26x)(to = f (ox + 6x2)*/8. 



'» •^ 






».N 12. C(2a + 3bx)*dx. 13. j (1 + 9x/4)i'!"dx. 

"• J (o + J«")"« bnj <« + <«> ""^ «»- 6„(i_„.) 

17. rV2iwf"(fx. 19. r(2x*-3x2+l)i^(x8-3x/4)(ix. 

20. I = I ^ - •-: log(ar — «). 

J x — a J x-a '^^ ' 
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Here w = a + 6x» ; .•. dw = ti&x**-! dx, 

r 6x^dx r 2bx^dx 

^ J 10x3 + 16' J ae + te8' 

Jx^ + 2x J8a — 66x2 

„ r 5(2a-x2)3dx _ ,/ 2a8 6a2, . . x^x 

26. J -A— ^-^-_5(- — + — + 6alogx--). 

Expand (2 a — x^)^ and then integrate. 

27. r(6 - X2)8xl/2dx = 2 ^8/2 _ 6 52x7/2 + ^6_5a.ll/2 _ ^x^bn 

-o /* 5x8dx ^ /*,, . dx (logx)'« + i 

28. I 5— TT^' 30. I (logx)"»— == ^ !^ ' 

j3x* + 7 J ^ m + 1 



/ ^/ 



Z' — :'vV 



29. J(logx)sf • 31. J_g- = ,og(Iogx). ^ / -^^^^ . 



32. r(a + 6,ogx)»/^f = ?i«±lM^. 

J a — z J a — X °^ ' 

'34. 1^(1 + X) (1 -- x2)x<ix = x2/2 - x*/4 4- xV3 - xV6. 

35- 1^737^= r(aJ + l+^^)dx = |x2 + x + 21og(x-l). 



J 



J 



36. rff^^ dx = X + log(3x - 1)2/8. 
^ 38. J!2gi±^d. = l[log(2x + 3)]« 
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( 39. I ^ ^^3 ^ ^^=^i I (a-^^~a;V»)3/M~|x-i/8dajj 

= _ 6(^2/3 -x2/3)7/4. 

= - ^ r(a2x-2 - l)-8/2 (- 2 a2ar-8dx) 
_ (a2ar-2-l)-i/2 x 



a^ a2Va-*-a2 

Sometimes, as above, we may transfer a variable factor from the 
base to the differential factor, or vice versa, and thus make the differ- 
ential factor the differential of the base. 

41. r 7^^ = C(l + a2x-2)-W2aj-8dx = -2^^^±J!l. 

J x2 Vaj2 + a2 J «^ 

/^ (Zx /^ Va2 — x2 _ _ (a2 — x2)8/2 

^- j x2VS^^=T2* ^J 0^ ^" 3a2x3 

43 f ^ 45 /- Vx2-a2 (x2-a2)8/2 ^ 

J (x2 + a2)8/a J «* ., 3a2x8 

46. Cr. — ^^^ovw.> = r(2aar-i-l)-8/2x-2dx= , ^ 

J (2ax-x2)3/2 J V / aV2ax-x2 

47. C2^^^^az. 48. f , ^ ^_V2ax:z^2 
J x8 J xV2ax-x2 «x 

By § 158 and one or more of the formulas [1] to [4], find 

49. Ja*»cto = ija«-.4(te = j^- 
Here u in [3] is 4 x ; .-. dw = 4 dx. 

60. CeF'/'^dx = n j e^/«— = ne*/**. 

51. Tae&^dx. 52. TcaS^dx. 

53. flog c . c**x8dx = ^-^ fc^* . 4 x3dx = c^V^. 



/ ■ v'- ,' 



54. i (a'^ — b^)dx 
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Qnx l)mx 



n log a m log h 



55. 



/ 

r(e«— e-'»*)2du = (e2« — e-2«)/2 — 2u. 

56. r(2 e^^ - af/^e'^^dx = (2 e^^ - a)'V2/i5. 

57. J5^^= J(-^ + ^) = 21og(e- + 2)-x. 

58. f^. 5a C}^c^6^= ^^^ 



log 6 4- logc 



162. To obtain formulas [11], [12], [13], and [14]/rom [2]. 

•tan u sec udu 
sec w 

= log sec u-\- C, [11] 

cos «^C?tfc 



tan udu = I - 



/cot wc?w = I — : 
J SI 



sin w 
= log sin u+C. [12] 



I CSC udu = I 



rftfc 



sint* ^^^y^ 

sin (u/2) cos (t^/2) -t^ ^^"^ '^^ 



du (}j^^ a V:^- 

2 si 

^ p sec^(^/2) eZ^/2 
^J tan(w/2) 

= logtan(w/2)+a [13] 

j sec udu = I CSC (u + 7r/2)du 

= log tan (w/2 + 7r/4) + C. [14] 
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EXAMPLES. 
By § 168 and one or more of the formulas [1] to [14], find 

Here u in [6] is mx ; hence, du = mdx. 
2. i sec^mxdz = m—^taLumx. 5. j cosxsina^dx. 

/s. j sin*x cosicdx = sin^x/S. 6. j 7 sec^x^-xcto. 

\y' 4. j sec2 x3 • x2 dx = tan x^ / 3. '^' i ^^^ (^ "^ ^) ^' 

8. Tcos^S^ sin3^d^ = — cos^S^/lS. 

9. j sin^ 2 X cos 2 xdx. 12. j ec<»^ sin xdx. 

0. j 5 sec3x tanSxcto. 13. I e^^^^ cosxdx, 

1. j 4 CSC ax cot axdx. 14. j a^'^^^sec^cxcix. 

/• sin xdx 1 /* — 6 sin x(fx 1 , , , r v 

5. I — rr = "• T I ~"T 7 = — r log (a + 6 cosx). 

J d-^b cos X 0^ a + h cos x o ^ ' 

f* (a -{■ cos 0) d0 . , ^ , . ^x 

6. I ^ ^_i_ • /» =log(ag + sing). 
^ a^ 4- sin ^ ° ^ ' 



7. I sec u CSC wait = I —^zi^— = log tan u. 



tanu 



.9. C8m^udu= r(l/2— cos2M/2)da = M/2— sin2M/4. 
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21. j t&n^ udu = tanw — u. 

22. I (sec u — tan u)^du = 2 (tan u — sec u) — u. 

^ /»1— sinw, /»(!— sinw)2, ^ ,^ ^ i 

23. I T—. — : — du= I ^ — ^ du = 2 (tan u — sec u) — u. 

^ l+sinw f cos^ifc ^ ' 



24. 



163. To obtain formulus [16] awrf [18] /row [2]. 

1 11 11 

u^ — a^~ 2 a 11 — a 2au-{- a 

/ du _ 1 r_du_ J_ (*_du_ 
u^ — a^~2 aJ u — a 2aJ u-\-a 

~los'^+C, (1) 



r du ^ 1 r -du 1 f 



We use the form in (1) or (2) according as w — a or a — -w is 
positive ; that is, in each case we take the form which is real. 
To obtain formula [18], let 

Vw^ ± a^ = % — u; (1) 

then zta^ = z^ — 2 uz, 

,\ {z — u)dz = zdu ; 

dz du du , ,^x 

or — = = , :' by (1) 

•*-/^fe«=/? = ''^ ' = ''^ (" + V^?^^.) by (1) 
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EXAMPLES. • 

1 r ^ =1 r ^M ^Itan-i-' 
J b^i + c^ bj (6x)2 + c2 6c c 

o /* da? _ 1 /* c? (bx) _ 1 to — c 

J }^^-e^~hJ (6x)52-c2~26c ^^6x + c* 

/»___^______ /* dx _ 1 _i5_+2 

^•Jx2 + 4x + 9 J(x + 2)2 + 5 V5 V5 * 

r ^ - r d4c - ^- ] g + 2— Va 

Jx2 + 4x+l J (x + 2)2-3-2V3 ''^x + 2+V3 



V /» XdX 1 ^ ,X2 ,r /* 

_ r XHX 1 , X8 — 1 « /* dx 

tx i* dx _ 1, bx — c 1 . 6x + c 

«• Jc2-62x2--263iog5::;:^r^ = — log 



10x2 + 9 



4 



10 C ^ =2C - 

J 0x2 + 6x4- c J (2ax + 6)2 



6x + c 26c °6x — c 
2a(2x 



+ 4ac — 62 



_ 2 . 2ax + 6 ,,, 

= — - tan~"^ — - < (1) 

V4ac-62 V4ac-62 

1 , 2 ox + 6 — V62 — 4 ac 
or = log . (2) 

V62-4ac 2ax + 6+V62-4ac 

We use the form in (1) or (2) according as 4 oc > or < 62 ; that 
is, in any given case we take the form which is real. 

dx C 3(fx 1 ^ ,3x + 2. 

tan— 1 



11 C ^ = C- 

J 3x2 + 4x + 7 Jo 



3x2 + 4x + 7 J (3x + 2)2 + 17 Viy Vn 

/ 12 f _^^Jl7_ ^^ = f (2x + 4)dx f dx 

N J x2 + 4x+5 J x2 + 4x + 6"^'^J (x + 2)2 + l 

= log(x2 + 4x + 6) + 3 tan-i(x + 2). 
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r (3a; + 2)dx _ 3 /^ (4x + 4)dx r dx 
J 2ic2 + 4x + 5 4j2x2 + 4x+5 j2x2 + 4x+6 ^^ 

= 7log(2x2 + 4x + 6)- -i=tan-i^^^- 
In like manner any differential of the form ^ , . ^* , can be 

. , .J CLX^ ~r OX "T C 

mtegrated. 

Note that the numerator of the first of the two fractions in the 
second member of (1) is the differential of its denominator. 

-/"• f x^ + V+b '^ = I log(x2 + 4* + 5) - tan-i (x + 2). 
J Va2c2 — 62x2 ~ ^ J Y'^c)2 — (6x)2 6 ®^^ ac 



,xV6 
tan-i— — - 



y 



dx 1 , ^rf^ 



18. C , = = r log(5x +V62x2±a2c2).' • 

J V62x2 ± a2c2 & J. ; 

J Vl-x-x2 J V5/4-(x + 1/2)2 V6 



. 20. r , ^ = 4= log.(aJ ^ + Vax2 - fe)?^"^ 
J y/ax^ — b V a , ' 

V21. r , ^ =log(x + a+Vx2 + 2ax). 
J Vx2 + 2ax 

/* x^^geto _ 1 n 3x1^2^ _ 1 

J V8-4x8~U V(2V2)2- (2x3/2)2 ~ 3 

^ /* dx _1_ /» 2 gate 

J Vax2 + 6x + c VaJ V(2 ox + 6)2 + 4 ac — 62 

= -p log(2 ox 4- 6 + 2 Va Vax2 + 6x + c). 
va 



1 . , X8 
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J V — 0x2 4- 6x + c y/o^J V4 ac + 6'^ — (2 ox — 6)a 



1 . - 2ax — b 
sill—* 



Va V4ac + 62 

4x-3 



25 r ^ = "^ r ^^ = "^ • -i ^^~' 

J V4 + 3x-2x2 V2J V41-(4x-3)2 V2^^^ V4I 



s 26. r ■ ^ = 4=log(4x+:3 + ^V2x2 + 3x + 4). 

J V2x2 4-3x + 4 V2 ^ ■ ^" J. 



27. 



dx «^ /* dx 



r , ^ ■ 29. f^ 

J V3x-x2-2 J Vi 



V2x2 4-2xH-3 




dx on ^ ^^ 



Vn- x2 4- X 



/ xdx 
Va* — X* 



dx /• cdte 1 - ex 

= -rsec-* — 



/ 



xVc2x2-a-262 J ex V(cx)2 - (a6)2 a& «& 



dx Qo /^ S<^ 



f: 



X V6-^2 _ ^2 J xV3x2-5 



Vrdte 1 ,xV7 

= — ;=sec-i 



V7x2-5 V5 V5 



•/ V7x*-5x2 •/ xV7- 

„_ /* ~ dx 1 /• — cdx 1 , ex 

35. I , = = - I , = - covers-i — • 

J V8ex-c2x2 c J V8 • ex - (ex)2 c 4 

36. f ^ ^ . ^. f-^^^. 
J V2 dbx — 62x2 J Vox — x2 

gg /•J2xjf3}^ ^ /* (2x + l)dx ^ 2 i" dx 

* J Vx2 4- X + 1 J Vx2 + X + 1 J Vx2 + X + 1 

= 2Vx2 + x+l + 2 log(2x + 1 4- 2Vx2+x+l). 



can 



In like manner any differential of the form .^ ' 

be integrated. ^^' + 2 6x + e 

Note that the numerator of the first of the two fractions in the 
second niember of (1) is the differential of the dose in the denomi- 
nator. 
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39. 



/ —xdx __ n c — 2x — c ] ^^ 



= VciC — x2 — 



cx — x^ — - versr- 



2x 



J « J xVx2 — a2 

Vx2 - a2 J xVx2- 



a2 



= vx2 — a^ — a sec-i - 

a 



41. I .^ "^ ^ dx = sin-ix - Vl -x2. 



J Vl-x 



42, ■ "^^^ 



/ f"^^ dx = sec-i - + log(x + Vx2 - a2). 
xVx — a ^ 



« 






" 7 



CHAPTER 11. 

DEFINITE INTEGBALS. APPLICATIONS. 

164. Definite and corrected integrals. Let 6 > a ; then 
the increment produced in the indefinite integral fx+ C \iy 
the increase of x from a to ft is 

fh+C-{fa-\-C)=fh-fa, 

This increment of the indefinite integral of <^(aj) dx is called 
"the definite integral of <^(x)dx between the limits a and ft," 

and is denoted by I <t>(x) dx. 

Hence, I 4>(x)dx =fh — fa. (1) 

•/a 

in the expression I <l>(x)dx denotes the 

operation of finding the increment of the indefinite integral 
of <l>(x) dx from a; = a to a; = ft. ft is called the < upper ' or 
< superior ' limit, and a the * lower ' or * inferior ' limit. 

The limits a and ft must be so chosen that <^a5 will be finite 
and continuous from a; = a to aj = ft. 

The expression /ft —fa is often denoted hjfx . 

If, in (1), we make the upper limit variable and put x in 
the place of ft, we obtain 

fj<l>(x) dx=fx- fa, or fxT , (2) 

which is called "the corrected integral of <l>(x)dx,'' 

By J 4>(x)dx is meant the limit of j <f>{x)dx when a; = oo. 
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EXAMPLES. 



2. Cfixix = I x^J *= I (fta - a«). 
v/^5. r6a;8(te = 24. 10. rVcto = 

•/O •/a 

•/O 12 •/o V9r— 7/ 



n + 1 



Jo «' + aj2 4a ^- J.^a*^^ ^^ ^2^ 316a* 

v/a f-^= = |. >/i3. fVax^ = l. 

^ Jo Va2 - x2 2 Jo « 



rSa-,^_, .,j-' 



sin^x cos^ dx = ~ 

1^ 



J IK r^___^__ _ . , g + n ^ . i« + i . I 1 

>l 15. I . ■==1 — sm-i — -=- I = sin-i — 7= sin— 1 —7=: • 

Jo v5 — 2x — a2 V6 Jo V6 v6 

y /•« j^— 1 4- #>«— 1 1 

>/l7.j^ ^ + ; dx = -log(x« + ^). 
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166. Corresponding definite or corrected integrals of equal 
differentials are equal. 

For the corresponding increments of variables which change 
at equal rates are equal. 



Let z = X — 3 ; then a; = z + Ji, daj = dz, and 

3a;-l ^ 3z + 8^ 
ax = — - — dz. 



(X - 3)2 "^ z2 
When X = 4, z = 1, and when x = 6, z = 3 ; 

= [31ogz-8/zl 

= 31og3 + 16/3. 

This example and those which follow illustrate also how 
the introduction of a new variable often simplifies a given 
differential and renders it directly integrable. 



u. 



EXAMPLES. 
;; -^^dz— I ; dz = log3 + 4, wherez = x — 3. 

• Ji xVa2-x2 aJa Vz2 - 1 

= log (a + Va2 — l)/a, where z = a/x. 

I (e^ + 1)1/4 J^ 

= A [(«^ c - 4)(e + 1)»/* + >^], where z = c + 1. 






^ Ji xVa-» + x« « H-N2 

In cjcamplo f> put x — a/;, in oxampio « jmu (» + a = z. 
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166. -Geometric meaning of T •^z)dz, | ^(z)dz, I 0(z)dz. 

Let SPQ be the locus oiy = iftx. 

Conceive the variable ordinate y or NQ to trace the area 
between the a:-axis and y = ij>x a.a the point (x, y) moves along 
the curve to the right. 

Let A denote the area bouaded by the a:-axis, y = tf>x, some 
undetermined fixed ordinate, as US or H'S', and the moving 
ordinate NQ. 

Let dx = NJV' i then dA = NQQ'N'; 

.■.dA = ydx = <^{x)dx. (1) 

(2) 



.*. I ydx = i ^(a;)(£a; =s A. 




Let OM = a, and OW = b ; then the increment produced 
in A by the increase of x from a to 6 is MPP'M'; 



.-. r ydx = \ ^(x)dx 



_ /area bounded by the stasis, "l 
\y^ <l>x, x = a, and x = b. J 



Similarly, if OM = a and ON = x, we have 
j ydx = I 1^(3;) dx 

-{ 



. bounded by the ai-axis, "1 

<fix, x = a, and the ordinate y.} 



(3) 



W 



In (2), A is indeterminate so long aa the fixed ordinate BS, 
pr U'S", is indeterminate. 
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From (1), by Cor. 1 of § 12, we know that the areas in (3) 
and (4) will be positive or negative according as ^ is posi- 
tive or negative from x = ato x = b. 

Hence, if a curve crosses the aj-axis the area above, and the 
area below, this axis must be obtained separately. 

For example, to find the area bounded by y = 0x, the jc-axis, and JfP', 
we find the areas Bf'S'K and KPRM^ separately and take their arith- 
metical sum. 

From the geometrical meaning of an integral it follows that 
<l>(x)dx has an integral whenever <l>x is continuous. 

Note. The Integral Calculus was invented for the purpose of finding 
areas, or for quadrature, as it was formerly called. 

EXAMPLES. 

1. Find the area bounded by the x-axis and y = x^ + ax^. 

The curve cuts the x-axis at (— a, 0) and (0, 0) ; hence, the limits 
are — a and 0. 

Here dA = ydx = (x^ + ax^) dx ; 

.-. area = T (x^ + ax^) dx = rx*/4 + ax^/s] by (3) 

= aV12. 

In each problem the reader should first gain a clear idea of the 
boundary of the figure whose area is required. 

2. Find the area bounded by the x-axis, the parabola x^ + 4 y = 0, 
and the line X = 4. j^^. 16/3. 

Since the area lies below the x-axis, the formula gives a negative 
expression for it. 

3. Find the area bounded by the x-axis, the curve y = x*, and the 
lines X = — 2 and x = 2. ^i^, g. 

Here we find the area below, and the area above, the x-axis sepa- 
rately, and take their arithmetical sum. 

4. Find the area bounded by the curve y = e^, the x-axis, the y-axis, 

and the line x = h, Ans. ^ — 1. ^ 



./' 



y 



^ 



/ 



/ 
^ 



/ 
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5. Show that the area bounded by y = x ~ x^ and y = is 1/2. 

6. Find the area bounded by the parabola y^ = 4j3x and any chord 
perpendicular to its axis. ^U3, 4x^/3. 

Here the area required is twice the area bounded by the x-axis, 
y = 2pi/2a;i/2^ an(j i\^q ordinate y. 

.-.area = 2 C%p^^^x^^^dx = (2/S)2xy; by (4) 

that is, the area is 2/3 the circumscribed rectangle. 

7. Find the area bounded by the witch y (x^ + 4 a^) = 8 a^ and its 
asymptote y = 0. 

Area = 21 ^ , . , = 8 a^ tan-^ i^ = 4 Tta^, 
Jq x2 + 4a2 2aJo 

Here the area between the curve and its asymptote is finite. 

8. Find the area bounded by the hyperbola xy = 1, its asymptote 
y = 0, and the lines x = 1 and x = a. ^i^. w a. 

When a = GO, log a = oo ; hence, the area between the hyperbola 
and an asymptote is infinite.- 

9. Find the area bounded by the curve y = cos x, the x-axis, the 
y-axis, and x == ;r. Ans. 2. 

10. Show that the area boimded by the curve y = tan x, the x-axis, 
and the asymptote x = 7t/2 is infinite. 

167. Formulas for accelerated motion. Let t denote a 
portion of time, s the distance traversed by a moving body, 
V the velocity, and a the acceleration ; then we have the fol- 
lowing formulas : 

(i) V =ds/dt*y .'.5= j vdt^ ^~ I ^/^« 
(ii) a = dv/dt'j ,\v = I adt, t = I dv/a. 
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EXAMPLES. 

1. To find the fundamental formulas for uniformly accelerated motion. 

Let Vo and Sq denote, respectively, the initial velocity and distance ; 
that is, the values of v and 8 when t = ; and let ct" denote the con- 
stant acceleration. We then have 



= o't + ro. 



s 






(1) 



(2) 



If u = and « = when t = 0, (1) and (2) become 



.-. t = V^T/cP, r = V2 a's. 



(3) 
(4) 



The acceleration produced by gravity at the earth^s surface is 
about 32.17 ft. a second, and is usually represented by g. Substitut- 
ing g for a" in equalities (3) and (4), we obtain the four formulas for 
the free fall of bodies in a vacuum near the earth's surface. 

2. A rifle ball is projected from in the direction OY with a velocity 

of c feet a second. Find its path, knowing that 
Y/ its velocity acquired in t seconds along the action 

line of gravity OX is gt feet a second. 

Let OX and OY be the co-ordinate axes ; 
then d]//dt = c, dx/dt = gt ; 




.-. 2/ = I cdt = 

Jo 



= ct, 



x = gty2. (1) 



Eliminating t between equations (1), we 
have 



Hence, the path of the ball is an arc of a parabola. 



3. A body starts from 0, and in t seconds its velocity in the direction 
of OX is 2 act, and in the direction of OY it is aH^ — c^ ; find its velocity 
along its path Onm, the distances in the direction of each axis and along 
the line of its path, and the equation of its path, the axes being rect- 
an^lar. 
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Let OX and OF be the axes, and let 5 denote the length of the 
path Onm ; then 



-T:=2act: .-. a; = I 2actdt = cuci^i 

^ Jo 

^ = aH^ - c2 ; .'.y= C\aH^ -c^dt = aH^/S - cH ; 
^ Jo 

.-. 5 = r (a2t2 + c2) d< = a2«V3 + cH. 
Jo 



(1) 



(2) 



(3) 



(4) 




Eliminating t between (1) and (2), we obtain 
which is the equation of the path Onm, 



(6) 



4. Given v=ft^ to represent the time, the velocity, the distance, and 
the acceleration geometrically. 

Construct the locus of t) =/i{, t being represented by abscissas and 
V by ordinates; then the distance will be represented by the area 
between v=ft and the x-axis, and the acceleration by the line rep- 
resenting dv when dt is represented by a unit length. 

5. A body is projected upwards with a velocity of 80 feet per second ; 
find in what time it will return to the place of starting. 

Ans. 5 seconds, nearly. 

6. From a balloon which is ascending at a uniform velocity of 20 feet 
per second two balls are dropped, one of them 3 seconds before the other ; 
find how far apart they will be 6 seconds after the first one was dropped. 

Ans, 396 feet, nearly. 
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168. Change of limits. The following formulas are readily 
proved from the deliuitioii of a definite integral : 

<l}(x)dx~— I 4>(x)dx\ (i) 

for each member =fh —fa, if dfx = <l>(x)dx, 

<f>(x)dx= I <f>(x)dx -h I <f>(x)dx; (ii) 

for the second member =fc — fa -f- fb — fc =fb —fa. 

<f>(x)dx = I <f>(a — x)dx\ (iii) 

•/o 

for the second member = — ( 4^a — x) d(a — x) 

= -f(a-x)'Y=fa-fO. 

Jo 



CHAPTER III. 

INTEGSATION OF BATIONAL FSAGTIONS. 

169. Decomposition of fractions. When the numerator of 
a rational fraction is not of a lower degree than its denomi- 
nator, the fraction, said to be improper, should be reduced to a 
mixed expression before integration. For example, 

The numerator of this new rational fraction is of a lower 
degree than its denominator. Such a fraction, called ^, proper 
fraction, if not directly integrable, can be decomposed into 
partial real fractions which are integrable. These partial 
fractions will differ in form, according as the simplest real 
factors of the denominator of the given fraction are : 

I. Linear and unequal. 

II. Linear and equal. 

III. Quadratic and unequal. 

IV. Quadratic and equal. 

To present the subject in the simplest manner we solve 
below particular examples in each of the four cases. 

170. Case I. To each of the unequal linear factors of the 
denominator as cc — a, there will correspond a partial fraction 
of the form A/(x — a). 



f 2a; + 3 (o^ - 1)5/8 

The denominator x^ + x^ — 2 x = x (x — 1) (x + 2). 
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Hence, by addition of fractions we know that the given fraction is the 
sum of three fractions whose denominators are x, aj — 1, and a; + 2, 
respectively, and whose numerators do not involve x. 
We therefore assume 

2a; + 8 _A B C 

x(aj-l)(aj + 2) XX- la; + 2' ^^ 

in which A, B, and C are unknown constants. 
Clearing (1) of fractions, we obtain 

2x + 3 = ^ (X - 1) (X + 2) + B(x + 2)x + C(x - l)x (2) 

= {A + B + C)x^ -{- (A -\- 2 B - C)x - 2 A. (3) 

Equating the coefiBcients of like powers of x in (3), we have 

A+B+C = 0,A-\-2B-C = 2,-2A=S, (4) 

Solving system (4), we obtain 

A = - 3/2, B = 6/3, O = - 1/6. 

Substituting these values in (1), we obtain the identity, 
2x + 3___3^ 6 1 



x8 + x''2-2x 2x 3(x-l) 6(x + 2)' 

dx 



/ (2x + S)dx _ _ 3 /'dx 5 /* dx _ 1 /* 
x8 + x^-2x~ 2J X 3jx-l ej i 



x + 2 
= - I log X + I log (X - 1) - J log (x + 2). 

The values of A, B, and C may be obtained directly from (2) as 
follows : 

Making x = 0, (2) becomes 3 = — 2 ^ ; .•. ^ = — 3/2. 
Making x = l, (2) becomes 6 = SB; .\B = &/S. 

Making x = — 2, (2) becomes — 1=60; .-. = — 1/6. 



/ 



/s^- 



= X + T lO; 



EXAMPLES. 
X — 2 



o- 



4 *^° X + 2 



J 2. f f^J,_l^ dx = \og[x^^^x--2)^^Hx-hS)^^^]. 

^' fx^ + ex-hS^' ^- J x-^Vx-2'^- 

V J (2x + l)(x-i-l) 6 ° (2x + l)6 




y, 
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^- J X3-4X ^=3 + 2+^^ + ^^g (x + 2)3 ' 

= - log (x2 - 6a; + 7) + — 7= log 7= • 

^ 2V2 a;-3 + V2 

/* xdx r* x^dx 

' J (x-a)(x-b)' J (aj + l)(aj2 + x-6)* 



171. Case II. To r equal linear factors of the denominator 
as (x — by, there will correspond a series of r partial fractions 

of the form. — : + -—^ H 1 -- 

(x — by (x — by^ x — b 

Ex. 1. J — ^:r-f)— ^ = 3 log(x - 1) + ^j— ^- 

Expressing the numerator in powers of (x — 1), we obtain 

3x2-7aj + 6i:3(x — l)2-(x — l) + 2j (1) 

for 3(x- 1)2 = 3x2 -Ox + 3 

and — X + 3 = — (X — 1) + 2. 

Dividing both members of (1) by (x — 1)^, we obtain 

3x2-7x4-6 ^ 3 1 2 

(x-l)8 -x~l (x-l)2"'" (x--l)8' ^' 

/ 3x2 — 7x4-6 _ r dx r dx r dx 

(^^1)8 ^-3Jx-l J (x-l)2 + 2J (^^1)3 

= 3 log (X - 1) + (X - l)-i - (X - l)-2. 

From (2) we see that to resolve the given fraction into partial fractions 
by undetermined coefficients, we should assume 

3x2-7x4-6 A B C 



(x-l)8 (x-l)8 (x-l)2 x-1 

and proceed as in § 170. 
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Here both Case I and Case II are involved ; hence, we assume 

^ +Z&T + Z&.- (2) 



(X - 1)2 (X + 1) (X - 1)2 ■ aj - 1 • aj + 1 

Clearing (2) of fractions, equating the coefficients of the like powers 
of X, and solving the resulting system, we obtain A = 1/2, B= — 1/4, 
C = 1/4. Substituting these values in (2) and integrating, we obtain (1). 



J 



EXAMPLES. 
V 2. j ^^ _ 3^. dx = 2 log (X - 3) - ^^ 



J.r 



2 (X - 3)2 

4 x2-6x4-7 - __1. ._ . ox . __? 26 

(2x + 3)8 '^"2^''^^'*^ ■^'^^■^2(2x4- 3) 4(2x + 3)2 



J 



/"» (2x-5)dx _ 7 11 2 (X + 1) 7 

Ji (X + 3) (X + 1)2 2 (X + 1) "^ 4 ^ X + 3 4 ' 

J^* x2 dx 4 

I ^ ^ g 9 ■ Q — T~7 = , o + log (x 4- 1) — 2. 
^x8 + 6x2 4-8x + 4 x4-2 ''^ ' 

^ /^ (2x8 4-7x2 4-6x4-2)dx , T / . ix / a; \i'2-| i 
6-J ^ x44-3x«4-2x2^ =^"gL^<^"^'Kr+~2) J-^' 

/» g^dx z' (x + 1) da 

^- J (x-l)»(a;+l)" • J (x-l)Mx + 2)»' 

/ 

172. Case III. To each of the unequal quadratic factors of 
the denominator as x^-\rpx-\r q, there will correspond a partial 

fraction of the form -r— ; 

x^ 4- px 4- q 

Ex. 1. I , nlo> ,o -j ■ i\ = — T^tan-i—pH ptan-ixV2. (1) 

J (x2 + 2)(2x^4-l) 3V2 V2 3V2 

By addition of fractions we know that the given fraction is the sum 
of two real fractions whose denominators are x2 4- 2 and 2 x2 4- 1 respec- 
tively, and whose numerators cannot be above the first degree in x. 
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Hence, we assume 



gg + 1 ^ Ax + B Cx-\-D _ 

{x^ + 2){2x^+l) aj'i + 2 2x2 + 1* ^' 

Clearing (2) of fractions, we obtain 

x2 + l = (2^ + C)x^ -{- (2 B + D)x^ + (A + 2 C) X + B + 2 D. 
.'.2A + C = 0,2B-hD = l,A+2C = 0,B + 2D = l, 

.'.A = C = 0, B = D=1/S. 

Substituting these values in (2) and integrating, we obtain (1). 

^ ^ r xdx 1, (aj2 + l)i/2 1 

^^ '• J (x+l)(cc^ + l) =^2'°g^-T+l +2^°"^^- W 

Here both Case I and Case III are involved ; hence, we assume 



(x + l)(aj2 + l) x + 1 x2 + l 

Proceeding as above, we find A = — 1/2, B= C = 1/2. 
Substituting in (2) and integrating, we obtain (1). 



EXAMPLES. 



^ 



n x;^ax 1, x — l'/V2, , a? ./ 



x^dx 
+ X2-2 6'"^x + l ■ 3 V2 



/^ x^dx r g^<fa? . 

J x* + 3x2 + 2 J 1-x* 

/^ x2(?x _ 1 1 " x2-2x + l 

• J (X - 1)2 (x2 + 1) 2 (X - 1) "*" 4 ^^ x2 + 1 

^ /^ dx 1, (X + 1) 2 , 1 ^ , 2x-l 

S- I fl_i_ ., =a^0S'T ;ij7 + -7= tan-i — 7^- 

Jx^+l 6°x2 — x + 1 V3 v3 

/ cgx __ 1 /* dx 1 /* (x — 2)dx 
x8 + l""3jx + l 3jx2-x + l' 

/ (x — 2)dx _ 1 /^ (2x — l)(?x 1 /^ 3dx 
x2 — x + l~2j X2-X + 1 2J X2-X + 1' 



/ 



dx 1, (X + 1)2 . 1 ^ , 2x~l 

ft"T^ =^log-^ ±-: + -7= tan-i ■=- 

x^ + l 6^x2 — x + 1 V3 V3 



/dx 1 x2 + x + l 1 2x + l 

l-x» 6 ^ (x-l)2 V3 V3 
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dx « /» aj2 + 1 






x^ + 1^' 



(J ^ r (5a;2-l)dg 



•/ 



(x2 + 3)(aj2-2x + 6) 



^x-^ + S 2 2 Vs Vs 



-*v * dx 

10. 



/ 



(1 +x)2(H-2x + 4x2) 



^1, (1 + x)2 l_4._2_t -il^±i 

3 ^^1+2x4-4x2 3(H-x)'^3V3 Vs 



,y -- /'x^ + Sx + l , 4 ^ , 2x-l 2 ^ ,2x + l 



cZx 1 ^ ,x , 1 ^ ,x 

(x2 + a2) (x2 + 62) a(62-a2)'"' a b{a^-^) b 



173. Cask IV. To r equal quadratic factors of tlie denom- 
inator as (x^ -hpx-^r qy, there will correspond r partial frac- 
tions of the form 

Ax + B Cx + D Lx-\- M 



(x^ -\-px 4- qy (x^ -\rpx + qy~^ x^ -\rpx + q 



►2x8 + x2 +3x4-2 



^^- J (x2 + 1)2 "^ 



= log(x2 + l) + |taii-ix + 2^^. (1) 

Expressing the numerator in powers of (x2 4- 1), we obtain 

2x8 4- x2 4- 3x 4- 2 = (x2 4- 1) (2x 4- 1) 4- (X 4- 1). 
2x8 4- x2 4- 2x4-1 
x4- 1 

►2x84-x24-3x4-2 , /'2x4-l, . rx + 1 



/ 2x84-x24-3x4-2 _ /^ 2x4-l , , r x 4- 1 
(X2 + 1)2 "^-J X24-1 "^J (X2+1)2^ 

1 /* dx 

= log(x^ + 1) + tan-.x - 2^^j-j-^ + J ^^^^, 



(2) 



(3) 



x^ 
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By example 23 of § 183 we have 



/ 



g .1 _j 



(4) 



From (3) and (4) we obtain (1). 

From (2) we see that to resolve the given fraction into partial frac- 
tions by undetermined coefficients we should assume 

2x8.+ a;2 + 3x + 2 ^aj 4- -B Cx + 2) 



(x2 + 1)2 



(X2 + 1)2 ' x2 + 1 



Note. The solution of the following examples should be deferred 
until after reading Chapter V. 

EXAMPLES. 



1. 



/ 



"Ixdx _1 a;2 -I- 1 X x — X 

(1 + X) (1 + x2)2 " 4 ^^ (X + 1)2 "^ 2 a;2 + 1 



2. 



X(X2 + 



= o log -^^—^ + ^.^ . ^v + 



2 + 1)8 2 ^ 1 + X2 • 2 (1 + X2) ' 4 (1 + X2)2 



/x8 + x — 1 1 2— X 

-^^p^ dx = - log (x« + 2) + 



\^ -iJL 

4(x2 + 2) 8 *^^ V2 



^ /•X6-2X + 1-, , (x2 + 1)3/2 3x2 + x + 2 3, 

^' J X2(x2 + l)2^ = ^^g— ^ 2x(x2+l)-2^^"'^- 



5. 



J (^- 



d!x 



1)2 (X2 + 1)2 



1 , X2 + 1 



4(x2 + l) 



77 — + 7 tan^J X. 

4(x — 1) 4 



6. 



/ 



(4x2 — 8x)dx _ 3x2 — X (X — 1)2 _j 

(X - 1)2 (X2 + 1)2 (X-1)(X2+1)"*"*^^ X2+1 ^^^ ^- 



CHAPTER IV. 

INTEGSATION B7 BATIONAUZATION. 

174. Rationalization by substitution. Chapters I and III 
provide for tlie integration of any rational algebraic differen- 
tial whether it is entire or fractional in form. 

In some irrational differentials we can substitute a new 
variable so related to the old that the new differential will be 
rational and therefore integrable. 

175. A differential containing no surd except a linear baso^ 
as a + bx, affected with fractional exponents, can be rational- 
ized by assuming a + bx = z^, where n is the lowest common 
denominator of the several fractional exponents. 

For a a-\-bx = z^, x, dx, and the fractional powers oia-{-bx 
will each be rational in terms of z. 

Hence, the new function in z will be rational. 

^^ 1 C ^ 

J (aj - 2)6 /6 + (aj _ 2)2/8 

= 6 (X - 2)1 /6 - 6 log [(aj - 2)1 '6 + i]. 

Here the linear base is x -- 2, and n = Q) hence, we assume 

X — 2 = ««. 
.'.dx = Qz^dz, (X- 2)6/6 = 2*, (X- 2)2/8 = ^4. 
dx r* 6sfidz __ ^ /* zdz 

(X-2)6/« + (x-2)2/8~J «6 + 24-^J 2+1 

= 6[2-log(2: + l)] 

= 6(x -2)1/6- 6 log[(x- 2)1/6 + 1]. 
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Ex.2. I — :r-r-rz — dx = -X^^^ — 



2x1 



/6 ^ 8 3 

Here the linear base.is x, and n = 6 ; hence, we assume 

X = 2^. 

//»! II — /|.2 /8 /» 

2x1/^ cix = 3j(.T-.8)cf. 

EXAMPLES. 

1. rxvrr6idx=-^^^^^^^f^±M^^ 



CxVa 



2. 






= _2i2a^^/^:p^^ 



+ 6x 362 

/^» xdx _ 2(2a + 6x) 2(2 + 6)Va 
J„ (a + 6x)3/2 - 62 v^^jT^ 62 ViT6 ' 

J (n-x)2/8 ^u-r-*^; |_ 7 -^ 2j 

/^^ 2 V ot "f" 6x V (z 
— . = — p log . 7=» when a > 0, 
X Va + 6x Va Va + 6x + va 

_ 2 , , / a + 6x , ^^ 

= — 7=tan— *-\/ » whena<0. 

V^ \ — a ^ 

/ xW8q 
xi/2 + 2 

= §a.2/8 _ iaji/2 + ?a;i/8 - |xi/6 + Aiog(i + 2x1/6). 
4 ^ o o lo 

/«!'* + 1 6 12 

STTFT^fTi <*» = - i^ + ^m5 + 2 log * - 24 log (xi /i^ + 1). 

/» (2x-l)w*(fa 
J x-(2x-l)i'« 

Am 1M/1 2(2x-l)i/« , „, (2x-l ) i/*-l 
= ^<^''-^)'^^- (2x-l)>/^-l +^'°g (2x-l)>M + l - 



7 I x^f^dx 
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>rf 



176, A differential containing no surd except Vx^ + ax + b 
ca7i be rationalized hy assuming VxM-ax + b = z — x. 

For if Vaj^ + ax-\-b — z — x, 

ax -^ b = z^ — 2 zx, 

_ z^-b _ 2(z^ + az-hb) 

'^""2^ + a' {2z-\-ay "^^^ 

/-^-j -— z^ -\- az-^-b 

"Sx^ -{'ax-\-b = z — x = — - — ; 

2 z -\- a 

Hence, x, dx, and Va;^ -\r ax -^ b are each expressed ration- 
ally in terms of z. 

_ r dx . Vg2 + X + 1 + a; ^ 1 

Ex. I — . = log -71:= (1) 

J a; Vx2 + X + 1 Vx2 + x + 1+ x + 1 

Assume Vx^ 4- x + 1 = 2; — x ; (2) 

then X + 1 = z*-^ — 2 X2, 

x = ox = — ^ ^ — • 

2z + V (2z + l)2 

Vx2 + x + l = z-x = ^^'^^"^^ - 

22 + 1 

(Zx r* dz _ 2 — 1 

^Vx^ + ^+i-^J z^-i-^og^ + r 

Substituting for z its value in (2), we obtain (1). 

177. A differential containing no surd except V— x^ + ax + b 
can be rationalized by assuming 

V- x2 4- ax + b = ()8 - x) z, 
where fi — x is one of the factors 0/ — x* -f- ax + b. 

Denoting the other factor oi — x^ + ax + b hj x -i- y, assume 

■y/-x'-hax-\-b=-\/{l3-x)(x-\-y) = (p-x)z', (1) 



then 



x + y==(p-x)s^, x = ^^' 



Hence, x and therefore dx and V— x^ -\-ax-\rb are expifessed 
rationally in terms of z, 

NoTK. In § 176 the coefficient of x2 is -f 1 ; in § 177 it Is — 1. 






!■ 



2^ - 
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EXAMPLES. 
1. r , ^ = 2taii-Wa + Vg^ + 2g-l). 

/* dx _ V2 Vg2-.a; + 2+g— V2 

J ajVx2Z:^4."^ 2 V5K2-a; + 2 + x+V2 

Vaj2 + 2x 



'/ 



dx = log (X + 1 + Vx2 + 2x) 



^^ X + Vx2 + 2 



. - dx _ V2 V4 + 2X— V2-X 

• • (2 + 3x)Vr^2 8 ^""^ V4T2^ + V^^T^ 



/ 




Assume V4 — x2 = V(2 — x) (2 + x) = (2 — x)2;; 
then 2 + x = (2 — x)2;2, 



222 — 2 ^ Szdz 

X = » . ^ 1 ax = 



«2 + 1 ^ (z2 + 1)2 



V4-x2 = (2 - X) 2 = 
2 + 3x = 



42 



22 + 1 
822-4 



22 + 1 

/ dx 1 r dz __ V2 v^2 — 1 
(2 + 3x)Vr:^""2j 22^2-1" 8 ""^v^z + l 

v^, V4 + 2X--V2-X 



8 V4 + 2x+V2^ 



X 



5 C ^ = ^ 1 ^2 + 2x— V2— X 

J2 xV2 + x — x2 2 V2 + 2X + V2-X 

^ /^* ^ 2/ 2— x y/g . 2V2 

' Jo (l+x)V2 + x-x2 3\l+x/ 3 



• X 



/^ 



g p dx =io / x + Vx2 + x+l . 3+V3 Y 

' Ji (l+x)Vx2 + x + l °^ \2 + X + Vx2 + X + 1 l+Vsy 

9 r ^ g<fa _. 3 + x Vs 

• J, (3 + 2x-x2)8/2-4V3 + 2x-x3 4 ' 

Assume VT+T^^-^ = (3 - x)«, 
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178. Irrational differentials of the form x" (a -f bx'*)'/*dx, 
fchere r and s are intei/ers and s is j}ositicey ean be rationalized 
% assuminfjif 

I. a H- bx» = 2*, urhen is an integer or zero. 

II, a H- bx» = 2*x», when \-- is an integer or zero, 

n s "^ 

Assume, a H- hx^ = ;:* ; 

then ^fi + l»jc*yf* = s', (1) 



(2) 



(3) 



MultiplYing ^^l^. ^2^, and ^3^ together, we obtain 

The sevx>n«i laenilvr of ,4'^ is rsitioaal^ and therefore in- 
tet^nMe^ when v« -^ 1"^ m is an inte^j^r or rerv» ; hence I. 

Assume -j -t- ^jt* = r*x*, or x* = -j i* — o^ ~- : 

V 






V 






1h 










■ 0> 



M^i^iiCxui^ .^1>. ^^'^''. a::*! ■^^'^ wie^xtjer. we obca::: 



M^ -V- t r 
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EXAMPLES. 
1. Txs (a + 6a;8)-i/2dx = ^ (a + 6x8)8/2 - 1^ Va + 6x8. 

Here = — ^r— = 2, and 8 = 2: hence, we assume 

a + 6x8 = 22 . ... (a + 6x8)-i /2 = ^^-i, (i) 

a, = i^; ,.6:^dx = ^(z^^a)zdz. (2) 

Multiplying (1) by (2) and dividing by 6, we obtain 

= g^ (a + te»)» '2 _ g (a + 6a^)i /2. 



^ /* cte 1 , X 



t2 + x2 a Va2 + x2 + a 



Here = — - — = 0, and 8 = 2: hence, we assume 

n 2 ' 

a2 + x2 = «2j 

,\xdx = z dZy x2 = z^ — a2. 

/ dx __ /* dz __ 1 z — a 
xV^T^-J 22-a2""2a ""^z + a 

1 , Va2 + x2 — a 

=r -— log 

2a "^ Va2 + x2 + a 

1, X 

= -log 



« Va2 + x2 + a 



o /^ dx __ 1 , X 

3. I — = - log y = 

J xVa2~x2 a Va2 - x2 + a 



4 f" ? 

Jo (2- 



x8dx _ 4 — 3x2 

^ ,- 3x2)8/2 gV^^Ts^ 9V2 



^ /•* «*<to 6x2--2a / — r-;-; , 2a8/2 

Jq Va + 6x2 362 362 
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r dx _ (2g2-l)Vl+gg 



Here h - = :; = — 2, and 8 = 2: hence, we 

n 8 2 2 ' ' 

assume 

.•.x = («2-l)-i/2, ar-* = (z2 - 1)«, (1) 

dx = - (z2 - l)-«/2z(te, (2) 

(1 + x2)-l/2 = 2-lx-l = «-l(z2 - 1)W2. (3) 

Multiplying (1), (2), and (3) together, we obtain 
dx /•.„-., 2* 



where z = Vl + x^/x, 

7 /^' ^ gcte __ ax 

Jo a+«v'^""vr+^' 



•/o 



!^ (H-x2)6/2 3(l + a;2)8/2' 



Jo (« 



X x^dx »8 



10. 



J aJM« 



+ te2)5/2 3a(a + &x2)8/2 
daj a + 2 &x2 



11 f ^ 



+ te2)8/2 a2x(a + &x2)i/2 

dx 3x8 + 2a 

x8)5/8 2a2x(a + x8)a/»* 



CHAPTER V. 

INTEGEATION BY PASTS. BEDVGTION FOSMITLAS. 

179. Integration by parts. By differentiation we have 

d (uv) = vdv + vdu. 

Integrating both members and transposing, we obtain 

I udv = uv — I vdu, (1) 

The use of formula (1) is called integration hy parts. 
In applying (1) to particular examples the factors t^ and rfv 
should be so chosen that dv is directly integrable and vdu is 
a known form or one easier to integrate than vdv. 

Let M = log X ; then du = xcto, 

du = dx/x, V = x2/2. 

Substituting in (1), we obtain 

52 /»x2 dx 



riogx.X(2x = logx.|-- j |-- ^ 
=4c2/2)logx — x2/4. 



(2) 



In (1) the second product can be obtained from the first by 
integrating its second factor, and the third product from the 
second by differentiating its first factor. 

The following examples will illustrate how we can by the 
use of this law abbreviate the applications of (1). 
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j X • cos xdx = X • sin X — i i 



Ex. 1. I X • cos xdx = X • sin X — I siu xdz 

= X sin X + cos X. 



a J a 



Ex. 3. rx8(a-x2)i/2(2x= Cx^- (a'-x^)^^^xdx 

= x2 [-|{a-x2)8/2]+ ri{a-x8)8/2.2x(2x 



= -j{a- x2)8/2 - ^ (a - x2)6/2. 



EXAMPLES. 



J c 

1. I log xdx = X (log X — 1). 

V 2. J»-logx& = j;^(logx-^); 

Jr»i 1 

I x» log xdx = — . , ...g • § 86, example 6 

3. I X sin x<Zx = I — x cos x + sin x I = ;f . 

4. I sin-ixdx = I x sin-^x + Vl — x^ I = — — 1. 

5. Ctm-^xdx- rxtan-ix-|iog(l + x2)T = j-^^- 



6. j cos-i xdx = X cos-i X — Vl — x\ 



7. j cot^i x(ix = X cot- 1 X + - log (1 + x2). 
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8. I Va2 — x^dx — + y sin-i- • (1) 



/Va2 _ x2 . dx = Va2 - x2 . x + f ,^ 
J Va2 - x2 

= ,VS^3^2+ p a2-(a2-x2) ^ 

J va2 — x2 

= X Va2 — x2 + a2 sin-i- __ C-Va^ — z^dx. 

« J 

Transposing the last term and dividing by 2, we obtain the result 
in (1). 

V 9. r Vx2 - a2(fo; = ^ Vx2 - a^ - ^log(x + Vx2 - a^), 

y 

10. rVx2 + a2dx= ^ Vx2 + a2 + |-log(x + Vx2 + a^). 

11. I x2 sin xdx = 2 x sin x — (x2 — 2) cosx. (1) 

I x2 . sin X dx = x2 . (— cos x) + 2 I cos x • x dx (2) 

I X • cos xdx = x-sinx— I sin xcZx 

= xsinx + cosx. (3) 

Substituting in (2) the value in (8), we obtain (1). 

12. I x"» sinxdx = — x"* cosx + m j x"*-^ cosxdx. 
^ 13. I x2 cosxdx = 2x cosx + (x^ — 2) sinx. 

14. I x"» "Cos X dx = x"» sinx — m I x"»— ^ sinxcZx. 



15. I versin-^x cZx = (x — 1) versin-i x + V2 x — x2. 
xer^ dx = — (ex — 1). 
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c c^ 

19. i z^e^diX = — ( x3 H -zr— ) * 

«/. /* , ^ a"" r «' 3 • x2 . 3 . 2 . X 3.2-1-1 

20. I x^a^dx = r — x8 — , + — • 

J log a L log a (log a)2 (log a)^ J 

21. I = 7 H 7 I dx. 

J x"» m — 1 x'«- 1 7M — ljx"»-i 

22. Je<=.iogxclx = ?^-i r^dr. 



C f X 



23. Jx"(Iogx)^<to = f:^-^ |-(,og^p__^log^ + _A_]. 



X2 

24. I X cos-^ X cte = - cos— 



ix-?Vl-x2 + Tsm-ix. 



25. rx2sin-i xdx = |- sin-i x + ^ (x2 + 2) Vl - x2. 

/X2(ZX /I \ / 

.. , g tan-1 X = ( X — - tan-i x j tan- 1 x — log V 1 + x2. 



180. Additional standard formulas. Eor convenience of 
reference we write below the formulas obtained from examples 
8, 9, and 10 of § 179, and examples 2 and 3 of § 178. 

C-y/a' - u^du = '^-\/a' - u^ + ~ sin-^ - + a ^ (1) 

i V?^^ zb a^ du 

= ^ Vt^2 ^ ^2 j_ ^'log (^ + Vi^i^) + a (2) 

r_^_^l iL_+f7. (3) 
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181. Reduction formulas. A formula by wliicli any inte- 
gral not directly obtainable is made to depend upon a standard 
form or on a form easier to integrate than the original func- 
tion is called a reduction formula. Thus, the formula for 
integration by parts is a general reduction formula. 

Many special formulas are obtained by applying this general 
formula to particular forms. 

182. Reduction formulas for j x°»(a + bx^)Pdx. 

C x"^ (a -\- bx'^y dx 

h {np + m -f- 1) {np + m + 1)*/ ^ ^ 

(A) 

^^ .-^' (a + b^y ^ anp P ^ 

np -\-7n -\-L np -f- 7)1 -\- IJ ■ ^ ^ ^ ^ 

a.m+i/^_|.^^«Np+i i,^np + m±n±l) r .^^ L7»^»^ 

or \ — rf ^^-^ — ; — rr I 0;"*+" (a + &a;»)^c^, 

a (m + 1) a (m + 1) J ^ 

(C) 

or \ , / + ^ . .^Z I aj"'(a + ^»a;«)^ + ir/aj. 

(D) 

Formula (A) decreases m by ti. 
Formula (B) decreases p by 1. 
Formula (C) increases m by n. 
Formula (D) increases p by 1. 
Formulas (A) and (B) fail when np + m -\- 1 = 0, 
Formula (C) fails when m + 1 = 0. 
Formula (D) fails when ^+1 = 0. 

When (A), (B), or (C) fails, the method x)f § 178 is appli- 
cable. When (D) fails, p = — 1 and previous methods apply. 




/r(..,^i>u. -. '^2r/^'"^Mri;:.^r 
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183. Proof of formulas (A), (B), (C), and (D). 
Integrating by parts wlien w =«"*"""♦" ^, we have 

nb(p-hl) nb(p + l)J ^ ^ ^^ 

fa;"*— (a + hx'')P + ^dx= fa;*"-" (a + bx'')^ (a + 6x») dx 

= a fa;"*-" (a + baf')Pdx + ^ fa"* (a + bx'^ydx. (2) 

Substituting tRe last member of (2) for its equal in (1), 
and solving for j a"* (a + bx^'Ydx, we obtain (A). 

Solving (A) for j aj"*""" (a +bx^)^dx, and substituting in 
the resulting identity m-\- n for m, we obtain (C). 

I «"• (a + bx^ydx = I a;*" (a + ^x") (a + bx'')P'-^dx 
= a Taj"* (a + ^aj'»)*r^c?x + ^ Cx'^+'' (a + bx^'y-^dx.. (3) 

Substituting, in (A), m + n for m and ^ — 1 for ^, we obtain 
raj"»+»(a + &c»)^-^c^aj . 

= A/ \ .IN - w \ /ix {«"•(« + ^a;»)^-^(^. (4) 
b (np + m + l) b (np + m + l)J ^ ^ ^ '^ 

Substituting in (3), and combining similar terms, we 
obtain (B). 

Solving (B) for j a;"* (a + &aj**)^'"^c^, and substituting^ + 1 

for^, we obtain (D). 
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EXAMPLES. 



1. I - , = — - va2 — x2 + — sm-i - • 

2 2 a 



Va2 - x2 



Here m = 2, n = 2, p = — 1/2, a = a^, 6 = — 1. 
Substituting these values in (A), we obtain 



J..(.- x,->.^<^ = ^-M^fii^ - ^ J^ 



2 2 J a 

We use formula (A), because decreasing m by n in the given dif- 
ferential reduces it to a known form. 



v^^T^ - - (t + 4:2 )^^«^^' + 4:2 



x^dx X r-r-r — :; a^ 



3. C / =|Vx2±a2:p|-log(x + V^"±^). 

J V X2 ± o^ ^ ^ 

/* dx _ Vgg — x2 1 . X 

J x8Va2 — x2 "" 2 a2x2 2 a^ ^^ Va2 - x2 + a 

Apply (C), and then use (3) of § 180. 



/* dx _ Vx2 + a2 1_, X 

J x8 Vx2 4- a2 2a2x2 2a8 ^^a+ Vx2 + a^ 



^/ 



dx Vx2 — a? , 1 ,x 

+ r— rSeC-l- 



a.8Vx2 — a2 2a2x2 2a8 a 



/* dx _ Vx2dba2 
* J x2 Vx2 ± a2 " ^ a^ 



Va2 — x2 



/* « dx _ _ 

' Ja x2Va2-x2~ a2x 

9. rx2Va2-x2dx = 1(2x2 - a2)Va2-x2 + ^sin-i- • 
Apply (A), and then use (1) of § 180. 
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10. Cx^^/x^±a^dx 



/ 



= 1(2x2 ± a?) Vaj2 ± a2 - |*log (x + Vx2 ± a^). 



^^ r ^a^ - ^^ dx = Vx2 - a2 - asec-i - - 
J X a 

Apply (B). 

12. r ^^'^^^ dx = Vx2 + a2 + alog ^ - 

,« r*Va2 — x2^ ^- , , X 

13. I (2x = va2 — x2 + alog , 

Ja X a + Va2 - x2 



14. r(a2 - x2)8/2dx = I (5 a2 -2x2)Va2-x2 + ^ sin-i-- 

i ° « o Cl 



15. 

Apply (C), and then use (1) of § 180. 

Vx2 ± a2 , Vx2 ± a2 



fVx2±^_ Vx2±a2 . , . ^/ ^ . ^. 

. I ^ dx = h log (x + Vx2 ±a^). 



16 

(2x 



17 C = ^ 

A^- J (a2-x2)8/2-^2VS^:r^' 

Apply (D). 

^^' J (x2±a2)8/2-^2Vi^±^' , ^^ /^^ 

20. f / gl^va/g = /""^ + log (X + Vx2 ± a2)7\ 
J (x2±a2)8/2 Vx2 ± a2 ^' ' ) 

21. r(x2±a2)8/2cto 

= I (2x2 ± 6a2) Vx2 ± a2 + |a* log(x + Vx2 ± a^). 

o o 
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■ {aj2 + a2)6/2 3a*(x2 + a2)8/2' 



/. 



^ r dx X , ^ * 1^ ^ 

23. I T-TT-. — :r:: = ^ ». » . — :r + :r-; tan-i- • ^ 



{x2 + a2)2 2a2(x2 + a2) 2a3 a 

cto X . 3x , 3 , , X 



f_^_^ ? . ^ ._jLtan-i-- n 

J (x2 + a2)8 4 a2(x2 + a2)2 ^ 8 a* (a^ + x2) ^ 8 a^ a 1) 



25. ' ^ 



/ ox 
(x2 + a2)» 

__ 1 X 2?i — 3 / * dx 

"" 2 (w - 1) a? (x2 + a2)«-i 2 (n - 1) a^J (x^ + a2)»»-i 



26. j V2ax -x2dx = ^^-^-^ V2ax - x2 + |- sin-i 
Reduce the expression to the form in (1), § 180. 



27. rx"»V2ax — x2cte= j aj»n+i/2V2a — xdx 

m + 2 7?i + 1 ^ 

^ /* x^^dx _ __ x"*-^V2ax — x2 (27AI — l)o /* x'^-^dx ^ 
J V2 ax — x2 ~ ^ ^ J V2ax — x2 



29. 



P x^_. ^ 3^ r x2dx , A 

J V2 ox — x2 J V2ax--x2 ; ^' 



J x"»V2ax — x2 

_ V2ax — x2 m — 1 /^ ^ (J^ 

"" (2w — l)ax"» {2 m — l)aj x"»-iV2ax — x2 






CHAPTER VI. 

INTEGEATION OF TBIGONOMETBIG F0SM8. 

184. j tan° u du or rcot?* u du, n any integer. 



,. ) 



s^-< ' 



When ?i is a positive integer :::' u - ^ ^ j ^^ ' ' 

j tan** udu= I tan**-^ u (sec^w — l)du^^^ 

tan^-^w - . „ „ , 

udu. 



J u-^ ^ / // '^^ tan»-^w r 



By repeating this process the integration of tsji*^ udu is 
made ultimately to depend upon the integration of tan u du or 
du according as n is odd or even. 

When 71 is a negative integer, as — m, we have 

tan~"* w du = cot*" u du, 

which may be integrated by a process simUar to that used 
above. 

Ex. Ctaji-*^= rcot*g= rcot2^(csc2^-lW 

= — C0t8- — I ( CSC2- — 1 j (to 

= — cot* (ac/3) + 3 cot (x/3) + «. 



ry 



,v 



■■•«. 
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185. Tsec" u du or Tcsc" u du, n even and positive. 

= r (tan^ u + l)(»-2) /2 . ^ tan ^^ (1) 

which can be expanded and integrated directly when n is even 
and positive. 

Ex. Csed^xdx = ( (tan^ x + l)^ . d tan x 

= tan*x/6 + 2 tan^x/S + tanx. 

186. I tan"" u sec° u du or J cot"" u csc° u du, m odd and 
positive or n even and positive. 

j tan"* w sec" w c?w = j (sec*w — ly^^^^^^'sec^^'w . c^secw, (1) 

or ftan"* u (tan« u + l)C«-2)/2 . d tan u. (2) 

The form in (1) can be expanded and integrated when m 
is odd and positive ; the form in (2) can be when n is even 
and positive. Compare (2) with (1) of § 185. 

Ex. 1. J tan* X sec^ x dx = j (sec^ x — 1) sec* x • d sec x 

= sec'' x/7 — sec^ x/5. 



Ex. 2. j cot6/2 X esc* X dx = — Ccot^/^x (cot^x + 1) • d cot 



X 



= - ^ cotii/2a; - |cotT/2a;. 



EXAMPLES. 



1. j tan* X dx = —^ — I- log cos x. 



2 



tan*x 
2. itan*xdx = -— r tanx + x. 



/• 
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3. I tan*xdx = — T hlogsecx. 

4. I tan8xdx = — htanx — x. 






er I a ft J ^^^ 2 X , 3 taii^ 2 X , tanS 2 x , tan 2 x 
5. I sec°2xax = : 



6. I cec^ -dx = —- cot^ « — « cot^ - — 2 cot - 



7. j tan^xsec-'^xdx = — sec— 8x/3 + sec-'^x/S 

= cos^x/5 — cos^x/S. 

tan^x sec^/^xdx = — sec^/sg; _ _. gecu/sx + - sec^^^x. 

17 11 6 

9. i tan7/2xsec*X(ix = ^tani8/2a. + |taii9'2x. 






*^ M 'sec^xdx cot'x 

10. I — — T — = tan X — 2 cot X -z — 

tan*x 3 

cot*x cot^x 



cot*xcsc*xdx = — 



6 8 

12. I cot8xcsc7/2x(2x. 13. rcot-8/2xcsc*xdx. 

/8 
(sec X + tan x)*dx = ^ (sec^x + tan^x) — 4 sec x + x. 

15. j (tan X + cot x)^ dx = - (tan2 x — cot2 x) + 2 log tan x. 

187. I sin™u cos'^udu, m or n odd and positive. 

j sin"* w cos" udu— i sin"* w (1 — sin^w)"^ d sin u, (1) 

COS" w (1 — cos'w) a d cos u, (2) 
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The form in (1) can be expanded and integrated when n is 
odd and positive ; the form in (2) can be when m is odd and 

positive. 

Ex. 1. I sins/^xcos^xcfcc = j sin8/6x{l — sm^x)^ sinx 

= - sin^ ^* X — - sini* f^ x. 

o o 
cos^xcte _ /* (1 — sin^xjdsinx _ __1 1 



J siii*x J 



sin^x sinx 3 sin^x 



188. r sin°*u cos°udu, m + n even and negative. 

/ sin!^ u cos* udu= I cos!^'^'*udu 
J cos"*w 

= j tan"*w sec~^'"''"*»^we?w, 

which is directly integrable by the method of § 186 when 
m-^n is even and negative. 

Ex. 1. I . - dx= I cot^xcsc^xcte 
J sinox J 

= — j COt2x(COt2x + l)(l COtX 
— COt^X COt^X 

~ 6 3 * 

Ex. 2. J cogn*'*X8m— ''*xdx= j cot— ^'^x-csc^xdx 

= — -COt2/6x. 

Ex. 3. I -r-^- = I tan-*x(tan2x + l)d tanx 

cot^x 
^ — cotx T— • 
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EXAMPLES. 

/I 2 

sin* xdx = — - cos^ x + - cos^x — cos x. 

2. I sin^xcos^xdx = -sin<^x — rsin^x. 



3. 






4. j co8*xsiii8x(ix. 6. j cos'xsin— *xdx. 

7. I — ^-dz= I tan2xsec*xdx = — ;: 1 — 

J coB^x J 6 3 

o /* • K ^/ ^ o^y /cosx cos^x , cos^xx 

8. I sinox Vcosxdx = —3 Vcosx( — T 1 — 7^)' 






dx 



^xcos^^^aj 



/' 



3 3 

= I tan — ^^8xsec*xdx = -tan2/8x — TCot*^8x. 



, dx tan^x 



/dx tan^x , .^ 

-r-5 T~ = — :t*~ + 2 tan X — cotx. 
sin^xcos^x 3 



/* dx tan*x , Stan^x cot^x , «, 

11- J ;n7iT7i::n: = -^T- + — s ^ + 3iogtanx. 



sin8 X cos^ X 



/^ sin8/2xdx _ 2 tan6/2g /*cos^ 

^ cos'^^^x "~ 6 * 'J sin^/' 



189. j sin"* u cos'' udu, by multiple angles. When m 

and n are positive integers, sin*" u cos** u du can be expressed, 
by means of trigonometric formulas, in a series of the first 
degree in the sines and cosines of multiples of u. 

Each term of any such series can be integrated directly. 
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Ex.1, j cos2xdx = - j (1 + cos2x)(ix = - H 7—' 

Ex. 2. Ccos^xdx = - C(l + cos2x)2dx 



=1/ 



[1 +2cos2x + -{l +cos4x)](2x 

JU 



= 3x/8 + sin2x/4 + sin4x/32. 

We shall use this method only when that of § 187 fails ; 
that is, when m and n are both even. 

In any such case the trigonometric formulas for sin^w, 
cos^ Uf and sin u cos u in terms of sin 2 u and cos 2 u will 
enable us to transform all terms with even exponents so that 
they can be integrated by previous methods. 



EXAMPLES. 



/*• SlTl 2 OR 

1. I 8in^xdx = - — 



o C ' L A l/3x . - , 8in4 x\ 

2. I sm*xax = -(-r sin2xH — y 

o C • t, A 1/c A • n , sin»2x , 38in4x\ 

3. I sm^xcte = r^( 6x — 4 sin2x H 1 — y 



A r ' o A ^ 1 /sm*2x , sm4x\ 

4. I sm^x cos*xdx = T^ ( — z *" ^ T~" ) * 

sin2 X cos* X = (sin x cos x)2 cos^ x = sin^ 2 x (1 + cos 2 x) /8 
= sin22x-cos2x/8 + (1 — cos4x)/16. 

e /* • A 9 A 1 / 8iii82x , sin4x\ 

5. I sin*xcos2xdx = t^ ( ^ hx j— j • 

6. j sin^xcos^xdx = -( X 4"")' 

7. j sin*xcos*xdx = r^f 3x--8in4xH — V 
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190. Reduction formulas for i sin"" z cos^^ z dz. 



/■ 



I sin*" X cos" X dx 

sin'"~*a:co8" + ^ic . m — 1 /* . 
= \ 1 ; — I sin"*-' a; cos* a; db, (1) 



sin^ + ^ir cos"~*a5 . w — 1 
or — 



7n + 71 m -\- 71 



71 — 1 {* 

H ; — I sin"'a;cos"-*a;cfe, (2) 

m + 71 J ^ ^ 



/ cos'^xdx cos** + ^ X ?yi — 71 — 2 /*cos"cc<ia; 
sin^x (?/i — l)sm"*~^a5 m — 1 J sin'""~*a5 ^ ^ 

*8in"*x(Ix sin'^+^oj . n — m — 2 rsin'^xdx 



(?/i — l)sm"*~^aj 

/ sm"*xdx _ sin"'"'"^aj n — m — 2 rsin'^xdx 

COS'iC (fl— 1)gOS**~^X 71 — 1 J cos"~*a5 ^ ^ 



cos* X (/t — 1) cos* 

191. Proof of formulas in § 190. 

Letting u = sin*""* x, and integrating by parts, we have 

I sin"* X cos" X dx 

sin'^-^iccos^+^ic . ^ — 1 r. « o «j.9 J . '^ 

= —z 1 --^ I sin*"-2a:cos*+*iccKc. . 7C 

7i 4- 1 71 + 1 */ . -^ 

sin"*~*a; cos^+^a; = sin*""* a; cos* a; (1 — sin' a;) ; 

,*. I sin*"" 'x cos*"'"* x (/a; 

= I sin'"~*a; cos"a;cfe — I sin*"a; cos*aj(ia;. 

Substituting this value in the first identity, and solving 

for j sin*" a; cos" a; c?a;, we obtain (1). 

Letting u = cos"~^a;, and proceeding in a similar manner, 
we obtain (2). 

Substituting 2 — 7?t for tti in (1), and solving for I — r-^ — 9 

%/ SlU X 

we obtain (3). 

/^sxiL^xdx 
n ' 

we obtain (4). 



/■."• ./ 



■ * ■ .' M. 

■/ ' - ' ';■■■ ■.• • ■•■ ^- :■■ ■ ■■ .'/WW 
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y 

/ 



EXAMPLES. 

- . . - sin"*— 1« cosx , m — 1 - . „ , 
1. I sm^xdx= 1 I sm"»— 2xdx. 



/• 



'/■ 



m m 

Putting for n in (1) of § 190, we obtain the formula above. 

2. By the formula in example 1 show that 

/ \ C ' L :t sinSgcosg , 3 . . . 

(a) I sm* xox = H « (a — sin x cosx). 

ru\ r ' ^ ^ cosx/sin^x , 6 . - , 6 . \ , 5x 

(b) I sm6xdx= 2~V~~3~ "^12 "^8®"^®j'^T6* 

o /* « ^ 8inxcos»-ix . n — \ n « « ^ 

3. I co8»»xdx= 1 I cos"-8xdx. 



/■ 



?/■ 



4. j cos*x(Zx = — j-(cos*x + -cosx j+ — • 

/ dx C08X m — 2 /* dx 
8in"»x (m — l)8in'»— ix m — 1 J sin"*— ^x 



6. 



6. 



7. 



8. 






csc5xdx= — 
dx 



cosx 



\8in* 



+ 



;)+|log 



4 \8in*x 2 sin^x. 
sinx . n — 2 /* dx 



X 

tan-' 
2 



cos»x (n — l)cos» 
sinx 



, n — 2 r* dx ^ 

— ix w— ij cos**— 2x 



8ec''xdx = 



\3 coi 



+ 



2cos2x\3 cos*x 12cos3x 



^i) 



o 



9. 



10. 



/„. 



sin2xcos*«dx = 



+ (5/ 16) log (sec X + tan x). 

sinx /__ cos^x , cos^x . cosx \ , x_ 
2 \ 3 '*"l2'*"8/"^16' 



y 



/ 



sin*x , sm^x , . » 3, . . 

— — dx = h sm^x cos x — - (x — smx cosx) 

cos^x cosx 2^ ' 

sin^x 3 . . . 

= (x — sm X cosx). 

cos X 2 ^ ' 

cos*x , cosx ,„ „ , 3x 

. n dx = — r—i — (3 — cos^x) — -rr • 
sin^x 2smx^ ' 2 



dx _ 1 cos X 3 . X 

sin^x cos^x"" cosx 2sin2x 2 ° 2 



r 



/ / 



e, 7 ^.'^^.^' «- '** ^'^ . ' t < f \ .; 



* J 



J 



. . ' / V • : ■ ' ^ << 



198' INTEGRAL CALCULUS. 

du . r du 



1»2- f—r^ aad r • - . 

•/a + bcosu Ja + bsinu 

a-^-b cos u = al sin*- + cos' 9 ) + ^ ( cos* ^ — sin' - j 
= (a'-b) sin* (u/2) -\- (a -\- b) cos* (u/2), 

/ du 2 r -^a — bdtsji(u/2) 
a-\rb cos u "" Va — ^*/ (^ ~ ^) *2ii* (m/2) + (a + ^) 

/ du __ — 2 /^ -\/b — ad taji (u/2) 
a-\rb cos t* V^ — a J (^ "" ^) ^^* (^/^) "" (^ "^ ^) 

^ 1 V^^tan(t./2) + VM^ 

V^r*-a* V^-atan(M/2)- Vm^ i 

a4-osinM = al sin* - + cos* -1 + 26 sin - cos -• ' -y ^j^ ^^ 

/ <f^ r 8eG^(u/2)du 

a + ^ sin M */ a tan* (u/2) -\-2b tan ( 



or 



=2/f^ 



w/2) + 2^tan(M/2) + a 
g 8eG^(u/2)du/2 



[a tan (w/2) + ^]l+ (a* - ^ 



tan-^ ^ tan (u^+ &^ ^3^ 



Va* - b^ Va* - ^* 



1 W ^tan(V2) + ^-V^*-< 
V^TI^ '""^ a tan (V2) + J + V^3-^ ^ >^ 

li a>b arithmetically, we use the forms in (1) and (3) ; 
if a < ^ arithmetically, we use the forms in (2) and (4) ; that 
is, in each case we use that form of the integral which is real. 



V' 
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EXAMPLES. 



r dx 1 /* d(2x) 1 

1- I 2 Q' o = o I J i — Hr- = 7tan-i(2 tanx). 

J 6 — 3 cos 2 X 2^ 6 — 3 cos 2 X 4 ^ ' 

n r dx 1^,5 tan X + 4 

2- J 5 + 4sm2x = 3^^ 3 

r dx ^1 taji(3x/2V+2 , 

* J 3+6cos3x 12 ^tan(3x/2)— 2 

xA r ^ ^1 2taii(3x/2) + l 

V * J 4 + 6Lsm3x 9 ^2tan{3x/2) + 4 



J. .. 

dx __ 1 2 tan x -^1 

6cos2x""8 ^^2 tanx +1 



193. Integration of trigonometric forms by substitution. 

Assume si^ x = z-, then >i 

cosa; = (l-iS52)i/3, dx = (1 - z^^'^dz. 

.-. fsin'^a; cos*»a; dx = Cz"" (1 - s^^^-D^^c^^. 

The last form is integrable for all integral values of m 
and Uy positive or negative. 

We might have assumed cos x = z instead of sin x = z. 

This method is applicable to any rational trigonometric 
differential. 

EXAMPLES. 

1 r- A. o J cosx/sin^x sin^x sinx\ , x 

1. I sm*xcos2xdx = ( — ;r- I H — T* (1) 

J •«'^"o •*'»*-' 2 \ 3 12 8/16 ^^ 

Let sinx = z ; .-. cos^x = 1 — 2^^ dx = (1 — 22^-1/2^2?. 
.*. rsin*xcos2xdx= Cz^il — z^)^^^dz. 

_ (1—22)1/2 /gs g8 z\ sin-J2 . 
2 V 3 12 8/ 16 ' 

Substituting sin x for 2, we obtain the integral in (1). 
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tan X , „ .3 V . 3 

1 



2. I sec^jccto = —T— (sec^x + -secx) + - log(secx + tanx). 
Let sec X = z, or x = sec-i « ; .•. (Zx = 



2 V22 — 1 



rsec6xdx= r2;*(22-i)-i/2d2j 



= i(22 - 1)1/2(2:8 + l^) + |l0g(2 + V^^^). 

Substituting sec x for z, we obtain the required integral. 
»cos*xdx cos^x . . , . aJ 



- /*cos*xax cos^x , , , . aJ 

3. I — : = — h cos X + log tan - • 

^ smx 3 ^2 



Assume cosx = 2. 






dx __ cosx 1. X 

sin8x"" 2sin2x'^2^^^^°2* 



dx 1 . , . X 



„ + log tan - • 

sinxcos2x cosx 2 



r dx __ /* (8in2 X + cos2 x) dx 
J sinxcos*x""J sinxcos*x 

/ sinxdx , n dx 
cos* X J sin X cos2 x 



„ r dx 1 cosx,3,^x 



sin8xcos2x cosx 2 sin2x 2 2 



!/»■ /.- 



do dO . & 1 / /I I t • /i\ 

+ ^ , . . log (a cos ^ + 6 sm 6). 



+ 6tan^ a2 + 62 a2 + 62 
Assume tan = z, 
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-itxA m r «.^ • 1. J e*^(asinbx — bcosbx) ... 
194. To prove] e»^ siiibxdx = — ^^ 2TZT2 '^ W 

J r ax V. ^ e»^(bsinbx + acosbx) 
and I e*^cosbxclx = — ^^ ^ ^ ^- (2) 

Integrating e^ sin ^x c^a; by parts, first with u = sin hx and 
then with u = e*^, we obtain (3) and (4). 

e"^ sm bx dx = I e**' cos hx dx, (3) 

J. , ^ e"^ Gosbx ^ a C „^ ^ ^ 
e*^ sin bxdx = 7 ^' T I ^ ^^^ ^^ ^^* (^) 

Subtracting (3) from (4), we obtain (2). Multiplying (3) 
hj a/b and (4) by b/a, and adding the results, we obtain (1). 



EXAMPLES. 



\y^\. j e«^(sinax + cosax)da; = e«^smax/a. 

2. I e8^(sin2x — cos2x)daj = c8*(sin2a; — 6cos2x)/13. 

^* I — . 2\8/'2 ~ ^ ^*^ ^ "^ ^^S ^^® ^» where 2 = sm-i x. 

/— jt-tt:; = I Z' sec2 zdz = z tan 2—1 tan 2^2. 
(1_ 2.2)8/2 J J 

/x''4" sin X X 

7-; dx = X tan - • Put x = 2 2. 
1 + cosx 2 

195. Integration by expansion in series. When by any 
of the preceding methods we cannot integrate a given differ- 
ential exactly, we can expand the differential in a series, 
integrate its terms separately, and thus obtain the integral 
approximately between the limits of convergency of the 
series. 
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EXAMPLES. 

X3 jp5 x' . X^ 

8.nx = *-j3 + jg-j^+jj . §94 

Multiplying by dx/z and integrating, we obtain (1). 



I 



X ^ 2. [2 4. [4 6-[6 8. [8 

/e"^ ofix^ ofix^ a^x^ 

-dx = logx + ax + ^ + — + j;^+---. 

/^ dx __ __ I'xs 1 ' 3 ' x» __ 1 ■ 3 • 6 • xi8 ^ 
J Vl+x*""^ 2-6 2-49 2.4.6.13 • 

Jo l-« Vi2^22^32^42^ ; 

(1 — x)-i = 1 + X + x2 + x8 + • • •, when — 1 <x < 1 ; 

_ dx= I (logx + xloga! + x*logx + • • •)<ix. 



(1) 



(2) 

Integrating each term in (2) by the definite integral given in 
example 2 of § 179, we obtain (1). 

6. By integrating (1 + x^)- 1 dx directly and by series, prove that 

. x8 ,x6 x"' , x» ,^. 

tan-ix = x-- + --y + ^ , (1) 

(1 + X2)-1 =1-X2 + X*-X6 + X8 ; 

^-^=J (1-X2 + X*-X6 + X8 )dX. 

7. Prove8in-ix = x + — + ^^^7g-+ 2.4.6.7+ •**• 
Integrate dx/ Vl — x^ both directly and by series. 

8. Provelog(a + x) = loga + 5-^^ + ^-^+.... 
Integrate dx/{a + x) both directly and by series. 

r. ■«_ 1 / . /r-^ — ^x I.x8,1.3.x6 I.3.5.X7 

9. Provelog(x+VlTxi) = x- 2^3 + 2TiT6~ 2^17677 + •••• 



CHAPTEE VII. 

LENGTHS AND ABEAS OF GUBVES. SUBFACES Al^B^OLTJMES 
, OF SOLIDS OF BEYOLUTION. 

196. Lengths of curves. Rectangular coordinates. Let 
s denote the length of the arc whose ends are the points 
(xq, ^o) S'^d (^> y) \ ^^"^ from d^ = dx^ + e£^, by § 165, we have 

s = C\\ + {dyjdxf^'^dx, (1) 

or s = ^\{dxldyY + r^'''dy, (2) 

according as we express ds in terms of a; or of y. 

In any given curve we use that formula which gives the 
simpler expression to integrate. 

EXAMPLES. 

1. Find 8 of the semi-cubical parabola ay^ = x^. 

(dy/(te)2 = 9x/4a; 

l^(l+j^) dx §196,(1) 

_8ar/, , 9x\»/2 /, ,9iCo\"n „. 

When (jCo, yo) is the origin, (1) becomes 



2. Find s of the cycloid x = r vers-i (y/r) zp V2 ry — y^, 

(dx/dy)2 = y/(2r-y); 



... 8 = Vir j (2r - y)-'^^^dy § 196, (2) 

= 2V^[(2r - yo)i^2 - (2r - y)i/2]. 
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Putting 2/0 = and y = 2r and taking twice the result, we find 
that the length of one arch is 8 r. 

3. Find 8 of the parabola y^ = 4jxc, (xo, yo) being the origin. 

4. Find 8 of the circle x^ + y2 = ^2^ and the circumference. 

Ans, r sin-i (x/r) — r sin-i (xo/r) ; 2 itr. 

5. Find a of the hypocycloid x^'* + y^/a = 0^2/8^ and the length of 
the curve. . 3--,.„.a oyav/. 

6. Find 8 of the ellipse y^= {1 — e^) (a^ — x^), and the length of curve, 
e being the eccentricity. 



8= ) (a2- 62x2)1/2 __^_-. (1) 



dx 
Va2 - x2 ' 
hence, the length of the elliptic quadrant 8q is 



I (a2-e2x2)i/2-— ^=. 
Va2 - x2 



«^= I (a2-e2x2)i/2 ^ - (2) 



The integrals in (1) and (2) cannot be obtained directly, but 
(a2 — e2x2)i/2 can be expanded by the binomial theorem, and the 
terms of the result can be integrated separately. Thus, 



«« 



J^ « dx 62 /* « x2dx c^ /*« x*dx 

Va2 - x2 2ajj, Va2 - x2 SasJ^ Va2 - x2 

_£ra / e2 3»e* 32. 5 e^ ^ \ 
^ 2 \ 22 22.42 22.42.62 ' /' 

7. Find 8 of the ellipse when given by the equations, 
X = a sin ^, y = 6 cos ^, 
where d denotes the complement of the eccentric angle. 
dx2 = a2 cos2 edei^, dy^ = IP- sin2 ^d^ ; 
... d«2 = (^2 cos2 e + V^ sm2 e) d0^ 
= a2(l— e2sin2^)d^. 

,\8 = a r^(l-e2gin2^)i/2^. 

and85 = a f''^ (1 — ic2sin2^ — ie*sin*^- — e8sin«^ )d0, 

Jo ^ ^ 1" 



THE CATENARY. 
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197. To find the length and the equation of the catenary. 
Let NOM be the curve in which a chain or flexible string 
hangs when suspended from two fixed points M and N\ then 
NOM is a catenary. ^ 

Let w denote the weight 
of a unit length of the chain, 
and s the length of the arc 
whose ends are the lowest 
point (0, 0) and the point 

(x, y), ov B\ then the load 

suspended, or the vertical ^' ^ 

tension, at B is sw. Denote the horizontal tension, which is 
the same at all points, by aw. Let DA be a tangent at B) 
then if c • BD represents the total tension of the chain at By 
C'BE and c-JED will represent, respectively, its horizontal 
and its vertical tension at B. 

dy _^ C' ED _ sw 
dx c ' BE aw 

ads 




Hence, 



s 
a 



C'BE 

■Vds^ - dx" 



(1) 



dx 



, • • UiX ~— " 



VoM^ 



. X = a \ 



ds 



= a log 



s+Va2 + 5« 



a 



(2) 



(3) 



Solving (2) for s, we obtain as the length of OB 

5 = 2 (gor/a _ e-a:/a). 

Eliminating s between (1) and (3), we obtain 

.-. y + a = ^ (e^/" + e-^/«) (4) 

is the equation of the catenary referred to the axes OX and Y. 
If 0'0 = a, and the curve be referred to the axes 0'-57 and 
O'Yy its equation will evidently be 

j, = |(e^/« + e-^/''). (5) 
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198. To find the length and the equation of the tractrix. 
The characteristic x^roperty of the tractrix is that the length 




of its tangent PT is constant. 

Denote the constant length of the tangent PT by a. 

Let PM=ds', 

then — PN= dy, and NM= dx, 

'''dy" PN" y 

Hence, if s is measured from A, or (0, a), we have 

C^dy , a 
= — a I -^ = a log - • 
Ja y °y 

Again, from the figure we have 

dy /dx = — y /'^a^ — y^. 



(1) 



8 



(2) 



(3) 

Integrating (3), remembering that y = a when a; = 0, we have 

X = -Va^-y2_^ a log [(a +-\/a'' - f) /y'\ 
as the equation of the tractrix. 



199. Lengths of polar curves. Let s denote the length 
of the arc whose ends are (po, ^o) ^^^ (P) ^); t^^^n from 
ds = V^WT^, by § 165, we have 

s = P VpW + V^ or 5 = r^ Vi^WTdp", (1) 
according as ds is expressed in terms of or p. 



CURVES IN SPACE. 207 



^- 



EXAMPLES. 
1. Find a of the spiral of Archimedes p=^ ad. 



.\ 8 = a \ Vl 

= I [eVT+l^ + iog(^ + Vl + ^)1 ^- 

^ L J do 



+ ^d^ 

9 



Putting ^0 = and = 27t, we obtain as the length of the first 
'spire 

a [;r VTTT^ + 1 log (2 ;r + Vl + 4 7^)]. 

2. Find 8 of the logarithmic spiral p = fte^/". 

e/a = log(p/b) = logp — log6; 
.*. pd$ = adp. 



.-. d« = Va2 + 1 dp. 



.*. 8 



= ^ 



a2 + 1 f'dp 



= Va2 + l(p-po). 

3. Find s of the cardioid p = 2 a (1 — cos ^). 

-4n8. 8 = 8 a [cos {Oo/2) — cos(^/2)] ; entire length = 16 a. 

4. The entire length of the curve p = a sin^ (^/3) is 3 ;ra/2. 




200. Curves in space. Let s denote the length of an arc 
of a curve in space whose ends are (xq, j/q, Zq) and (x, y, «), 
and let As denote the length of an infinitesimal arc whose 
ends are (x, y, z) and (x + Ax, y + Ay, z + Az) ; then 

As = Va^M-A^M-A^ -h vi% where n>l, § 69 

.'.ds=-Vdx^-hdy^-hdz^. §71 
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EXAMPLES. 

1. Find the length of an arc of the helix, 

X = a cos 0f y = asinO, z = kO. 

dx = — asm &d0, dy = a cos $d0, dz = kd$ ; 

,',d8 = V^^TT^de, 

*0 



Here 



.-. 8 = Va-2 + A;2 j d0 

= VSm^ (e - 0o). 



2. Find 8 of the curve y = z^ /2 a, z = x^ /Q a^, 8 being reckoned from 
the origin. 

8 



=X'('-a- 






3. Find « of the curve y = 2 Vox — x, 2 = x — (2/3) Vx«/a, 8 being 



reckoned from the origin. 



8 



=XX\^+\^-0'^=''+''-^- 



201. Areas of curves. Let NBC be the locus of y = <l>x, 

, and NDSC that of y = /a;. 

~~ Denote their intersections, N 

by (xq, yo) and C by (xi, ^i), 

and the variable area NBD 

by A 

Let a; = OM, dx = Z>^; then 

dA = 7> J5Z^ = (<f>x - fx) dx. 




.'.A' = r*^ (<^a; -/a;) (foj, (1) 



O^ 



^ where^ ^' = areaJVS(7Z>. 
Writing the equations of the curves in the form 
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in like manner we obtain 

A' = f' (/-V - <l>-'y) dy. (2) 

If the locus ofy—fx\s> the ic-axis, formula (1) will become 
identical with (3) in § 166. 

EXAMPLES. 

1, Find the area bounded by the parabolas i/^ — ^^ax and a;^ = 4 ^y. 

The parabolas intersect at the points (0, 0) and (4 a, 4 a) ; hence, 
the limits are x = and x = 4 a. 
The curves enclosing the area are y — VTox ^^^ y = x^/^a. 



=f'( 



4a/ 3 



2. Find the area bounded by the parabola x^=^4tay and the witch 
y (x2 + 4 a2) = 8 a8. 

3. Find the area bounded by the curve y (\ + x^) = x, and the right 
liney = x/4. Ans, log 4 -3/4. 

4. Find the area of that part of the ellipse x^/a^ + y^/t^^l, which 
lies between the lines x = Xo and x = Xi. 

Here the bounding curves are 



y = (b/a) Va2 — x2, y = - {h/a)-y/a^ — x\ 






x^dlx 
6 



= - fx Va2 - x2 + a2 sin-i -1 ''^- (1) 

Putting Xo = — a and xi = a in (1), we obtain itab as the area of 
the given ellipse. 

Putting 6 = a in (1), we obtain the area of that part of the circle 
xs + y2 = (j2 ^hich lies between the lines x = Xo> » = ^i- 
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5. Find the area of the hyperbola x*/a* — y^/^a = i^ included 
between the lines z = Xq and x = Xi. 

b 



An». - Tx Vx2- a^ - a21og(« -}- V»a — aa"!"^- 



6. Find the area bounded by the catenary, the a>-axis, the y-axis, 
and any ordinate y, 

A = ^ r''(e'/« + e-*/«) dx = a8. § 197, (3) 

7. Find the area bounded by the tractrix in the first quadrant, the 
X-axis, and the y-axis. 

A= I ydx = — I Va2 -y^dy = ita^/^, 

Jo Ja ^ 

8. Find the area between the cissoid y^ (^a — x) = x^ and its '^ " ^ 
asymptote. ^^a. 3 ^^2. -J 

9. The area of the hypocycloid x2/8 + y^/s = q2/z ig 3 ^ra^/S. 

10. The area of one loop of a^y* = x* (a^ — x^) is 4 a^/S. 

11. The area of one loop of a*y2 = 52x2 (a^ — x^) is 2 a6/3. 

12. Solve the first example by formula (2) in § 201. 

13. Find the area between the curve y^ = 4 a^ (2 a — x) and its 
asymptote x = 0. ^„3, 4 ^^2. x 

202. Areas of polar curves. Let B be any fixed point 
(/oo, 6^ and P any variable point (p, ^). Conceive the area 

^ -POP as generated by the radius vec- 
tor p, and denote it by A, 
ny] With OP as a radius draw arc PDy 

and let <;^ = Z POP' ; then 

dA=^ 0TD = ij?l2)dB\ 
For the proof of (1) by limits see § 71, example 11. 
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EXAMPLES. 

1. Find the area of the cardioid /> = 2 a (1 — cos e). 

Jr»2»r 
I {1 — cose)^de = 6 7ta^, 


2. Find the area of the lemniscate pf^ = a^ cos 2 6, '^^' c^ / i [^ fV 



Area = 



= 2a2 r 

•/o 



»r/4 



cos2^d^= a2. 



3. Find the area between the first and the second spire of the spiral 
of Archimedes p = a6. 



Area 



•4 IT g2 /•2ir 

e^de — — I e^de = Sa^7cK 



=!/>-?/ 




4. The area generated by the radius vector of the logarithmic spiral 
p = ef*& from ^ = to ^ = ;r/2 is (e'^" — l)/4a. 

5. The area of one loop of the curve /> = a sin 2 ^ is Tta^/S. ^ 

6. The area of one loop of the curv6 p = asinSdis 7ta^/12, 

7. The area of a sector of the spiral /)^ = a is (^ — ^o) a^/2 BOq, 

8. The area of a sector of the spiral fl^B = a^ is — log — • 

9. The whole area of the curve ^ = a (cos 2 + sin 2 0) is ^ra^. 

203. Areas of surfaces of revolution. Let ^ be a fixed 
point (ajo> ^o) ^^<i ^ ^ variable point (a;, y) on the curye mAP, 
Let ^P = s, and PP^ = As. Draw 
PT and PR each parallel to OX y 
and equal to As. Let /S denote the 
surface generated by the revolution 
of AP about the aj-axis ; then AaS ^ 
equals the surface generated hjPP. 

Evidently 






x^ 






V 



■'s 



v^ 



<^ 



/ > 



-II- 




that is, 



surface PT< AS< surface P'iJ; 
2 iryAs < A/S < 2 TT (y + Ay) As, 
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Let 
then 



As = i'y 

AS = 2 TTi/As + vi% where w > 1. 

.'. dS = 2 TTj/ds ; OT S = 27r I yds. 



(1) 



In any particular example, yds is obtained in terms of x, y, 
or any other variable as may happen to be convenient. 
Similarly, if the y-axis is the axis of revolution, we have 



S = 27r r 



xds. 



(2) 



204. Volumes of solids of revolution. Let ^ be a fixed 

point (xq, yo) and P a variable point 
(xy y). Let V denote the volume 
of the solid generated by revolving 
J?^PJ[f about OX 

Conceive this solid as generated 
by a circle whose centre moves 
along OXy and whose variable 
radius is the ordinate y of the 




O B 



M N X 



curve AF. 

When x = OM let dx = MN] then 

dV= cylinder MPDN = iry^dx. 



.'. V=ir I y^dx. 



§11 
(1) 



Similarly, wlien the y-axis is the axis of revolution, we 
have 



V= TT I x^dy. 



(2) 



The proofs of (1) and (2) by the method of limits are left as exercises 
for the reader. 

In the following examples, a segment of a solid of revolution means 
the portion included between two planes perpendicular to its axis ; and a 
zoTie means the convex surface of a segment. 



<V ■ ■ .. ^ . . ., v~ — ■ ■ 



^^-'i/ti^r^ -T/>c^:) 
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EXAMPLES. 
1. Find the area of a zone of a sphere. 
Here yds = rdx. 



.',S = 27C I yds = 27tr I 



yds = 2 ;rr I dx 
= 2 ;rr (x — Xo). 



The entire surface = 2 I 2 TCrx I = 4 ;rr2. 

2. Find the area of a zone of the surface generated by the cycloid 
revolving about its base. n 

yds=V2r{2r-'y)-^^^ydy. . . _ C/ 

.\S = 27tV2r r'y{2r — y)~'^f^dy 

= 2 ;r>^r- |(4r + y)(2r- 2/)i/2T'. 
L o J /,jj 

The entire surface = 4 ^rv^F— « (4r + 2^)(2r — y)i^2T'' 

= 64 ;rrV3. 

3. Find the area of a zone of a prolate spheroid. 
The generating curve is y^ = (1 — e^) (^^2 _ jp2j and 



2/ds = - Va^ — e2aj2 cjx. 
a 

.-. *S = 2 7r- r^Va*^-e2x2cto 

= 7t-[x-Va^ - e2x2 + -sin-i-T- 
The entire surface = 2 ;r6 [6 + (a/e) sin- ' e]. 

4. Find the area of a zone of the surface generated by the catenary 
revolving about the x-axis. 

Here yds = - (e«^/« + er «/«)2(Zx. 



... 5=^r^(e2x/a_e-2x/«)4.^'j^ 
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5. Find the area of a zone of the surface generated by the tractrix 
revolving about the x-axis. ji^s^ 2 rca (yo — y). 

6. Find the area of a zone of the paraboloid of revolution. 

Ana. ^ [(4 jp2 + 2/2)3/2 --(4^2 4.2,^,2)8/2]. 

7. The entire surface generated by revolving the hypocycloid 
2-2/8 + y2/8 = a2/9 about the ar-axis is 12 7ta^/5. 

8. The surface generated by revolving the catenary about the y-axis, 
fromx = to X = a, is2^a2(l — e-J). . - 

9. Find the volume of a segment of the prolate spheroid. 
The entire volume = 7t— \ a^x —--;r\ = « ^tdb^, 



>* 



'-^.r* 






which is two-thirds of the circumscribed cylinder of revolution. 

Putting 6 = a we obtain the volume of a segment and the entire 
volume of a sphere whose radius is a, 

10. The volume of the oblate spheroid is two-thirds that of the circum- 
scribed cylinder of revolution. C 



/ 



11. The volume of the paraboloid is one-half the circumscribed ' 

cylinder of revolution. ^' ' 

' .J- 

12. The volume of the solid generated by revolving an arch of the 
cycloid about its baae is five-eighths of the circumscribed cylinder. 



Here 






13. Find the volume of the solid generated by the revolution of the 
tractrix about the x-axis. 

Volume ==27t I y^dx = — 2 ;r A -Va^ — y^ydy = 2 7ta^/S. 

14. The entire volume generated by revolving the hypocycloid 
a;2/8 + y2/3 = ^^2/8 about the x-axis is 32 7i:a^/106. 
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15. Find the volume of a segment of the solid generated by the revo- 
lution of the curve /{x, y) = about the line x = a. 

Let AB be the line x = a, and let P y 
be any point on the curve /(x, y) = 0, 
or EP ; then AH =z — a. 

Let BC = Ay = i; then 

AT = 7t(z — a)2 Ay + t?t«, 
where n >► 1. 



.'. V= It I (x — a) 
Jvq 



dy. 



(1) 




The student should prove (1) by the method of § 204. 

16. If the figure bounded by x = a and the parabola y^ = 4:pz is 
revolved about the line x = a as an axis, the volume of the solid gener- 
ated is 32 7ea^Vpa/15, 

17. Find the volume of the soUd generated by the revolution of the 
cissoid about its asymptote. Ana. 2 Tt^a^. 



205. Let V denote the volume generated by any plane 
figure moving parallel to a fixed plane. Let x denote the 
distance of the generating figure from some fixed point, and 
let <I}X denote its area ; then, evidently, 

A V lies between <^ (x) • Ax and <^ (cc + Ao;) • Ace. 

Hence, when Ax = i, 

A F = <^ (a;) • Aa5 + vi**, where ti > 1. 

.-. F= C<l}(x)dxj (1) 

the limits being so chosen as to include the volume sought. 

EXAMPLES. 
1. Find the volume of any pyramid or cone. 

Let B denote the area of the base and a the altitude. 
Let <px denote the area of ^ section parallel to the base at the 
distance x from the vertex. Then by geometry we have 

(px: B = x'^:a^; .-. <px = Bx^/aK 



\ 



V 
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Conceive the solid as generated by this variable section moving 
from the vertex to the base ; then by (1) of § 205 we have 



V = (B/a-^ Px^dz = B - a/3. 



2. Find the volume of a right conoid with circular base, the radius- of 
the base being r, and the altitude a. 

Conceive the solid as generated by the 
section DTQ moving to the right, and 
denote OP its perpendicular distance 
from O by x. 

0C = AB = 2r, 

OA = CB = a. 

.-. <l)X = PQX PT 




= aV2rx — x2. 

■V2rx — x'^dx 

= 7trH/2, 



.; 3. A rectangle moves parallel to and from a fixed plane, one side vary- 
ing as its distance from this plane, and the other as the cube of this dis- 
tance. At the distance of 3 feet the rectangle becomes a square of 4 feet. 
Find the volume then generated. j^^s^ 93 cubic feet. 

4. An isosceles triangle moves perpendicular to the plane of the ellipse 
x2/a2 + y2/52 = 1^ itg base is the double ordinate of the ellipse, and its 
vertical angle 2Aia constant. Find the volume generated by the triangle. 

Am. 4a62cot(^/3). 

5. A woodman fells a tree 2 feet in diameter, cutting halfway through 
from each side. The lower face of each cut is horizontal, and the upper 
face makes an angle of 45° with the horizontal. How much wood does 
the man cut out ? ^^, -gfe^t^sCTibic feet. ' 

6. Obtain formula (1) in § 205 by the method of proof employed in 
§ 204. 




} 






CHAPTER VIII. 

DOUBLE AND TBIPLE INTEGRATION. APPLICATIONS. 

206. Double and triple integrals. If we reverse the oper- 
ations represented by dxdy, we obtain the function u. 

That is, u=ff£lylxd.j, (1) 

which indicates two successive integrations, the first with 
reference to y, x and dx being regarded as constants, and the 
second with reference to x, y being regarded as a constant. 

In (1) the right-hand sign of integration is used with the 
variable y ; that is, the signs of integration are taken from 
right to left in the same order as the differentials. 

Let u^ denote the definite integral when the limits for x are 
x^ and aji, and those for y are yo ^^<i Vx > then 

y}^C' V^^dxdy, (2) 

Jxq Jvq dxdy ^ ^ 



j xy(x-y)dxdy= j «^l ^ -3! 

= a26-^(a-6)/6. 

Oftentimes the limits of the first integration are functions 
of the variable of the second. 

The second member of (1) denotes what is called an hidefi- 
nite doicble integral, and the second member of (2) a definite 



k- 
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double integral. Similarly, we have liulefinite and definite 
triple and multiple integrals. 



I I I xyz dxdydz= i I xydxdy i zdz 

J^2a/^5 
« 8 



16 



EXAMPLES. 



1. I I ydxdy = — - 

\ I p2sin0dpd0 = 
•/o 



3 





3. j j '"^ "^ xydxdy = 



Xb /•2y 11^ 

I xydydx = -^' 

J'^ir/2 /*2acOB4fr * 

( ^pd0dp = |{a2-62). 
«/2&coe^ 

X6 /»Y ' 58 _ cj8 

I /)2 sin edpde = — - — (cos /S — cos 7). 

8. I I {x — a){y — b)dydx = a^b — 



068 + 2a* 



3 
16 



Xo na na 1ft 

.j I {y'^-^z'^)'kdzdydx = ^ka\ 
■a */ — a %/—a 

Xh na /*26 1 

I I x'^Hdxdydz = - a«t^ (b^ - a^). 

Jr*2 /»x /*x + y 
•/o *^o 



8 4 ^*^* 
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207. Areas by double integration. Rectangular co-ordi- 
nate. Let NBC be the locus 
of y = tf>x, and NDSC that of 
y = fx. Denote their inter- 
sections, N by (ajo, 2^0) ^^^ G 
by (xi, yi), and the curvilinear 
area NBCD by A. Let F be 
any point (x, y) in this area, ^ 
X and y being independent. 

Let PjP= dx and PG = c?y. 

When X and c?a; are con- 
stants, PGQF, or c?a; dy, will be 
the differential of the area DPFFJ, Hence, integrating dx dy 
between the limits MD and MB, or fx and <^aj, we obtain the 
area DBLE, or (<^aj —fx)dx, which is the differential of the 
area NDB, . Integrating (<^x — fx) dx between the limits Xq 
and Xi, we obtain the area NBCB, or A, 




M' 



Hence, 



-4=1 I dx dy. 



^ *^/aJ 



(1) 



When y and c?y are constants, PGQF, or c?7/c?a?, will be the 
differential of the area HPGK, Hence, integrating dydx 
between the limits H'H and H^S, we obtain the area HSRK, 
which is the differential of the area NHS, Integrating this 
between the limits M^N and XC, we obtain the area NBCD, 
as before. 



Hence, A= j i dydx, 



(2) 



the limits being taken so as to include the required area. 

The order of integration, therefore, is indifferent, provided 
the limits assigned in each case be such as to include the 
area sought. 



Cor. Qg^yA = dxdy and dy^A = dydx. 
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Ex. 1. Find the area bounded by the parabolas y^ = 4 ax and x^ = 4 ay. 
The parabolas intersect at the points (0, 0) and (4o, 4 a). 
Hence, if we use formula (1), the constant limits for x will be and 
4a, and the variable limits for y will be x2/4 a and viax. 

That IS, area = I I dxdy = — r— • 

Using formula (2), we obtain 



.4a /•v^^ ^ 16 a2 
area = | f dyax = 



I 



Ex. 2. Find the area between the parabola y^ = ax and the circle 
y* = 2 ax — x2. 

f" f'a^^^^, ^ ;ra2 4a2 
Area = 2 I l_ (Zx(iy = -^ r-- 

208. Areas of polar curves by double integration. Let 
NBG be the locus of p = <^^, and HDE that oip^fB. 




Let Z XON= $0, and Z X06^ = e^. 
Denote the area HEGN hy A, 

Let P be any point (p, ^) in this area, p and d being 
independent. 

Let PM= dp and Z PO/Sf = c?d ; 

then arc PS = pdB, 

Construct the rectangle PC AM where PC =^ PS = pdO ; 

then triangle POC = sector POS. 



AREAS BY DOUBLE INTEGRATION. 221 

When 6 and dO are constant, FCAM, or pdOdp, will be the 
differential of the triangle FOC,ov of its equal, FOS, Hence, 
integrating pdOdp between the limits OD and OB, or fO and 
<l>ej we obtain the area DBB'D', or ^ [(c^^)^ — (fOf] dO, which 
is the differential of the area HDBN. 

Integrating this differential between the limits 6^ and di, 
we obtain the area HEGN, or A. 

Hence, A^ C^ C'^^dOdp. (1) 



'Bo ^/B 



CoR. Q\pA = pdOdp, 



EXAMPLES. 



1. Find the area between the two tangent circles p = 2 a cos 6 and 
p = 2b cos 0, where a > 6. 

Jf*ir/2 /*2aco8fl 
I I />dddp 

^26 cos 9 



Xir/2 
cos2^d^ = ;r(a2 — 62). 



2. Find the area, (1) between the first and the second spire of the 
spiral of Archimedes p = ad; (2) between any two consecutive spires. 

3. By double integration find the area, (1) of a rectangle j (2) of a 
parallelogram ; (3) of a triangle. 

4. Find the whole area of the curve {y — mx — c)^ = a^ — x^. 

Ans. Tca^, 

209. Area of any surface by double integration. On the 

surface z =/(x, y), let F be any point (cc, y, z), and Q the 
point (x + Ax, y + Ay, z -\- Az), x and y being independent ; 
then F'N=: Ax and F'S = Ay. 

Conceive a tangent plane at P, not shown in the figure. 
The planes through F and Q parallel to the co-ordinate planes 
XZ and YZ will cut a curved quadrilateral FQ from the sur- 
face »=/(«, y)f and a parallelogram Fq from the tangent plane. 
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then 



da; = t and Ai/ = vi; 
a P0 = area Pq + vi-, where n > 2 

= area P'Q'-secy + vi", (1) 

where y is the angle which the tangent plane at P makes 
with the plane XT. 
From (1) we have 

A^S ~ AxAy sec y + vi\ 
.-. 6^5 = see y - (fo! dy. % 140, Cor. 




.-.S 



From analytic geometry we have 

"-[-(f:)^(|)-]-- 

the limits being so chosen as to include the required surface. 
Let S denote that part of the surface s =f(x, y), % being a 
one-valued function, which is included by 

the cylindrical surfaces y = ^^, y = <^x, 

and the planes x = a, x = h; 
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210. Volume of any solid by triple integratlQii. '' 

Let P be any point (x, y, z) within the solid OZT-X, x, y, 
and z being independent. 

Let PS" = dx, FS = dy, PP' = dn. 




Regarding x, dx^ y, and dy as constants, the prism PK', or 
dxdydz, will be the differential of the prism NK. Hence, 
integr ating dxdydz between the limits * = and s = NR, we 
obtain NRdxdy, c* the prism NE', which is the differential 
of the solid MM'A'A-B. 

Integrating N£ dx dy between the limits y = and y = MB, 
■we obtain the cylinder MAB-B', or MABdx, which is the dif- 
ferential of th e solid OZY-M. 

Integrating MABdx between the limits x = and x = OX, 
we obtain the volume OZY-X, or V. 

Hence, F= C C Cdxdydz, (1) 

the limits being so chosen as to include the volume sought. 
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Let V (leuote the volume bounded by 

the curved surfaces « =/o (^y y)y ^ =/(^> y) > 
the cylindrical surfaces y = <I>qX, y = <I>x; 
and the planes a; = a, a? = 6 ; 

then ^=1 I I dxdydz. (2) 

Cor. Qjcyj V= dx dy dz, 9^^ V= dydz dx, • • •. 

Ex. Find the volume of the ellipsoid x^/a^ + ^2/52 4. ^2/02 = 1. 

The entire volume is eight times that in the first octant, where the 
limits arc 



2 = 0, 2 = c Vl - x^/a^ - 2/2/62 . 
y = 0, y = 6V1 — x"^/a2 ; 
X = 0, X = a. 



... r = 8j«J'^W75je^-^/<-^-.^/''dxd,dz = i^ 



EXAMPLES. 

1. Find the volume bounded by the plane x = a and the surface 
7^/c + y^/h = 2x. 

The entire volume is four times that in the first octant ; 



c/0 •/o •/o 

2. Find the volume bounded by the surfaces, 

X2 + y2 = C2, X2 + y2 = ox, 2 = 0. 



Jo Jo Jo 



32 c 



3. Find the volume bounded by the cylinder x^ + y^ = r^ and the 
planes z = and a; = mx. ^^, 4mr8/3. 

4. Find the volume bounded by the surface x^z^ + a^^ = c^^ and the 
planes x = and x = a. ^^, 7Cc^a/2. 
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5. Find the area of the zone of the sphere, 

x^ + y^ + z^ = r% (1) 

included between the planes x = a and x = b. 
From (1), dz/dz = —x/z, dz/dy = —y/z. 

Hence fl I (^^S^ I (^^S^V^^ = ^- 

' L V dx) \ dy) J ' Vr2 — x^ — y^ 

The area required is four times that in the first octant, where the 
limits are x = a, x = b, y = 0, y = Vr^ — x^ ; 



*b /^Vy2_a3 rdxdy _ 



.'. area = 4 T C ' * if _ _ 2;rr(6 — a). § 209, (2) 

6. Find the surface of the cylinder x^ -{• z^ = r^ intercepted by the 
cylinder x2 + y2 = ^2. ^^ g^a. 

211. Solids of revolution. Let F be any point (x, y) in 
the area NBCD (§ 207, fig.), x and y being independent. 

Let PF = Ax and P6^ = Ay. 

Conceive NBCD to revolve through radians about OX as 
an axis ; then 

ey'^x^y<^lyV<e(:l/ + £^y)'^x^y. 

Hence, when Ax = i, and Ay = vi, 

A^ V= Oy^xAy + vi% where n>2. 
,'. Q^V= Oydxdy. 

.-. V=e P C%dxdy. (1) 

Putting ^ = 2 TT, we obtain the volume generated by a com- 
plete revolution of the area. 

Cor. If the x-axis cuts the area, formula (1) will give the 
difference between the volumes generated by the two parts. 
Hence, F = when these two parts generate equal volumes. 

212. The moment of a force about an axis perpendic- 
ular to its line of direction is the product of its magnitude by 
the perpendicular distance of its line of action from the axis, 
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and measures the tendency of the force to produce rotation 
about the axis. 

The force exerted by gravity on a body varies as the mass 
of the body, and may be measured by the mass. 

The ceotre of mass of a body is a poiut so situated that the 
force of gravity produces no tendency in the body to rotate 
about any axis passing through this {M)int. 

The mass of any homogeneous body is the product of its 
volume by its density. 




213. To fiiid the centre of mass of a body. 
Let the points of the body be referred to the rectangular 
axes OX, 0¥, OZ, the plane XY 
being horizontal. Let m denote 
the mass of the body, and M the 
moment of the force of gravity on 
m about an axis parallel to Oy 
and passing through C, (x, y, e). 

Let P be any point (x, y, s) in 
the body, and Q the point 
{x + iic, y + Ay, z + As). 
Let Am equal the mass of the parallelepiped FQ; then 
(a; — x) Am < AM<i (x + Ax — x) Am. 
Am = point P ; 
Ax = i, Am = «»^, 

AM = (x — x) Am + vt", where n > 3, 
dM = (x — x) dm ; 

■. Jtf = Cxdm - X Cdm. (1) 

i) is the centre of mass, ^ = ; hence from (1) 
c= I xdmj I dm,. [1] 



Let 

then, if 
and 



When (x, i 
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In like manner we obtain 

^ fdm /dm ^ -^ 

To obtain « place the s-axis horizontal. 

Whether the body is homogeneous or not, dm denotes the 
mass of a homogeneous solid whose density is that of the 
body at the point P (x, y, z), (§ 11). 

Hence, denoting the volume of dm by dv and the density of 
the body at P by k, we have dm = kdv. Substituting kdv for 
dm in [1] and [2], we have 

fkdv ^ fkdv fkdv , ^ -^ 

When the body is not homogeneous, k is some function of 
the position of the point (x, y, z), and 

dv = Qxyz^'^ dxdydz. 

When the body is homogeneous, k is constant, and formulas 
[3] become 

^ fdv ' '^ fdv ' ^ fdv L^J 

Cor. In formulas [4] dv may equal Q^^F, 9^F, or dV, 

For when the body is homogeneous, all points in the plane 
MRP have the same moment. Hence, to prove [4] we may 
let Am equal the mass of the body between the planes MRP 
and XNQy or an increment of this mass. In the first case dv 
will equal c?F, and in the second it will equal 9^F or 9^F. 

214. Centre of mass of right cylinders and areas. Let 

c denote the altitude of the right cylinder whose convex sur- 
face is made up of the cylindrical surfaces y =/«, y = <f>Xy 
and the planes x = Xq, x = x^, the plane XY being midway 
between and parallel to the bases. 
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Evidently z = 0. 

To find X and y we have do = 9^ V = cdx dy. 

Hence, from [4] of § 213, we have 

-- _ ffx dx dy - _ ffy dx dy 



ffdxdy 



y = 



ffdxdy 



[6] 



the limits for x being Xq and a^i, and for y, fx and <^. 

As the values of x and y depend solely on the plane area 
bounded by the plane curves y = fx, y = tf>x, and the lines 
X = Xq, X = Xi\ for convenience the point (x, y) is called the 
mass-centre of this area. 

CoR. 1. If a plane area be revolved about a line through 
its mass-centre, the two parts will generate equal volumes. 

For let this line coincide with the a-axis ; then y = 0, and 
from [5] we have 

C Cydxdy = 0. (1) 

Hence, by Cor. of § 211, the two volumes are equal. 

Cob. 2. If an area is symmetrical with respect to the 
a;-axis, y = 0, and x is the same for one of the symmetrical 
halves as for the whole area. 




215. Centre of mass of rods and curves. Suppose the 
mass-centre of the plane figure CD to move along the curve 

HPB, its plane being always 
perpendicular to the curve. 

Let A denote the constant area 
CD\ Vy the volume of the rod 
generated by CD ; s, the arc HF ; 
and A5, FF'. Through F' draw 
in the plane C"D" the line F^n 
parallel to the plane CD'. On 
F'n as an axis revolve C"D" until it becomes parallel to C'D\ 




\ / 



X 
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Then, by Cor. 1 of § 214, we have 

A F = J[ • As + vi", where 7i > 1. 
.\dV=Ads. (1) 

Substituting Ads for dv in [4] of § 213, we obtain 

— fxds ^ fyds - fzds ^^^ 

Jds ^ fds jds ^ -■ 

As the values of x, y, and i depend solely on the curve JTB, 
for convenience (x, y, z) is often called the mass-centre of the 
curve HB. 

If the curve is in the plane XY, 5 = 0; if in addition it is 
symmetrical with respect to the a-axis, ^ = 0, and x is the 
same for one of the symmetrical halves as for the whole curve. 

Cor. From (1) we obtain V= As, (2) 

That is, the volume of the rod CDF equals the area of CD 
into the length of the arc traced by the mass-centre of CD. 

The proofs of equations (1) and (2) fail when CD cuts the evolute of the 
curve HB. 

EXAMPLES. 

1. Find the centre of mass of the area bounded by the parabola 
y^ = ipx and a double ordinate. 

From the symmetry of the curve, ^ = 0, and 

I xdxdy/ I I dxdy = Sx/b. 

^ 2. Find the centre of mass of the area bounded by the semicubical 
parabola ay2 = x8 and a double ordinate. j^^ig^ x = bx/7. 

V 3. Find the centre of mass of the area bounded by the y-axis and the 
curvea;y2 = 62(a-a;). ^^^ x = a/4. 

V 4. Find the centre of mass of the area of the first quadrant of the 
ellipse xVa2 + yV^ = 1. Am. x = 4a/S7t,y = 4 6/3 tc. 
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5. Find the centre of mass E of any circular arc BOD. 

D Let OB = OD = «, being the origin. 

The equation of BOD is y^ = ^rz-'Z% r 
being the radius. 
From the symmetry of the curve 




and 



_ fo'xds i r r ^ xdx 
fo'ds \^Jo V2rx — 



\ 



I 

• 



X2 / 

Hence, CE = 2ry/28 = r chord BD/sltc BOD. 

V 

6^. Find the centre of mass of the arc in the first quadrant of the curve 

7. Find the centre of mass of the arc of a catenary cut off by any 
horizontal chord. 

Ans. y = (az + ys)/2s, where 2 s is the length of the arc. 

8. Find the centre of mass of the curve xy^ = h^(a — x). 

Ans. x = a/4. 

9. The axis of a homogeneous solid of revolution is the x-axis ; show 
that y = i = 0, and 



ff^^ay/ffya.ay. 



§211 



• 10. Find the volume of the ring generated by the revolution of an 
ellipse about an external axis in its own plane, the distance of the centre 
of the ellipse from the axis being r. 

Ans. 2 TC^abr. § 216, Cor. 

11. If an arc of a plane curve revolve through 6 radians about an 
external axis in its own plane, the area of the surface generated will be 
equal to the length of the revolving arc, multiplied by the length of the 
path described by the mass-centre of this arc. 
From [6] of § 215 we obtain 



ey-s = 






yds, or the theorem. 



§203 
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^ 12. Find the surface of the ring generated by the revolution of a circle 
(radius a) about an external axis, the distance of the centre of the circle 
from the a^s being r. ^ns. 4^7t^ar, 

216. The moment of inertia of a plane area about a given 
point in its plane is the limit of the sum of the products 
obtained by multiplying the area of each infinitesimal portion 
by the square of its distance from the given point. 

Denote by M.L the moment of inertia of the area NBCD, 
or A, about (§ 207, fig.). Let P be any point (x, y) in this 
area, x and y being independent.; then 

Let FF = Ax = % and FG = Ay = vi; 

then Aly(M.L) = (x^ -\- y^ Ax Ay + vi*, where w > 2. 
.-. QliM.I.) = (x' + if)dxdy. 

the limits being taken so as to include the required area. 

Ex. 1. Find the moment of inertia about the origin, of the circle 

aj2 + 2^2 = a2. 



Ex. 2. Find the moment of inertia about the origin, of the smaller area 
bounded by the jc-axis, the parabola y^ = 4:ax, and the line x -{- y = Sa, 



Jr»2a /»3o — J 
I I (x^ + y^)dydx = 
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217. Definite iategral as a limit. Heretofore we have 
considered differentials as iinite; in this article we shall 
regard them as infinitesimal. A definite integral has been 
defined as an increment of an indefinite integral. We pro- 
ceed to show that a definite inteifral equals the limit of the 
infinite 7iumfier of infinttesimal differentials. 

To make the theorem and its 
proof as clear as possible, let 
us consider the area M,PiBX, 
which we will denote by A. 

Let OJ/i = a, OX=b, and 
P^B be the locus of y = ^. 

Divide MiX into n equal 
parts, MyM^, M^Sft, ■ • ; M,X, 
and divide the area A as in the figure. 

Let dx = M^M^ - M^M^ = • ■ ■ = M„X, 
then M^Qi = ^{a,)ilx, M^Q^ = ^(a + dx)dx, 

M^Qi= ^{a-V2dx)dx, • ■ ; M„Q^ = il>(b-dx)dx. 
.-. A = ,t>(a)dx + 4.(0. + dx)dx + <^(a + 2dx)dx 

H + 4,(b- dx)dx + T, (1) 

where 2' ia the sum of the triangles 

By the notation of Biiins, (1) ia written 
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Evidently TKXB-dXy or <f>bdx. 
Let /i = oo; then c?a; = 0; .*. T = 0. 

.•.^'^^^^4>{=>^)dx = A=jy{x)d^. (2) 

The first member of (2) denotes the limit of the sum of an 
infinite number of differentials, each of which is represented 
by tf>x dx, X taking in succession the values 

a, a + dx, a + 2 dx, ' ' ', b — dx, while dx = 0. 

When <l>x is constant, T=0, and A equals the sum of the 
differentials in (1) for all values of dx. 

Again consider the volume generated by revolving Mi^P^BX 
about OX as an axis. Each of the rectangles MiQi, M2Q2, ' ' *, 
M^Qn will generate a cylinder whose volume will be repre- 
sented by TT (<^)^ dx. Hence, 

r = V 7r(<l>xydx + T, where T<ir{^hydx, 

.-. }^^'^^ y\irUxydx = V= CirUxydx. § 203 

EXAMPLES. 

1. The effect of gravity in making a body tend to rotate about any 
given axis is the same as if its mass were concentrated at its centre of 
mass. 

From [1] of § 213, by integration we have 



xm 



Jzdin = , . ^ ^ xdm, (1) 



The given axis being OF, xm is what would be the moment of the 
force of gravity on m if m were concentrated at its centre of mass. 
The last member of (1) is the limit of the sum of the moments of the 
force of gravity on all the material points (dm) of m when dm = 0. 
Hence, (I) proves the theorem. 

2. Show that the area of a polar curve is the limit of the sum of an 
infinite number of infinitesimal differentials. 
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3. Using the figure in § 207 show that 

, dxdy = (4>x —fx) dx= \ ax ay, 

U Jfx 



lunit ^»i /*^i 

and dx -i- ^ (^ — /x) dsB = -4 = I (^ — /«) dx. 



(1) 



(2) 



(1) holds true whether dy is finite or infinitesimal ; for dx being 
constant the sum is constant. 

In (2) the sum varies with dx, and dx must be infinitesiinal to 
cause this sum to approach its limit A, 

4. Using the figure in § 210, show that 

STr rliR 

dxdydz =NRdxdy = I dxdydz; (1) 

*/o 



limit x^Jfi? {*MB 

.' >. Nlidxdy = AMBdx= I NBdxdy; (2) 

nit vi^OT {*ox 

.\2j AMB'dz = OZY-X = I AMBdx. (3) 

= '•^o •/o 



dy 

limit 
dx 



In (1) dx and dy are constants, and dz may be either a constant or 
an infinitesimal. In (2) dx is a constant, but dy == 0. 



218. Intrinsic equation of a curve. Let s denote the arc 
between a fixed point, Q, and a variable point, P, of the curve 

QP, and r the angle ABF included between 
the tangents at Q and P ; then the equation 
which expresses the relation between the 
variables s and r is called the intrinsic equa- 
tion of the curve. 

'^ Ex. 1. Find the intrinsic equation of the circle. 

Let QP, or s, be an arc of a circle whose radius is r. 
Let C denote the centre of this circle ; then 

r = Z. ABP = Z. QCP = 8/r. 
Hence, s = rr is the intrinsic equation of the circle. 




INTRINSIC EQUATIONS. 
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Ex. 2. Find the intrinsic equation of the catenary. 

In § 197 let OB = 8; then t = Z ^AB; 
and tan t = dy/dx = 8/a. 

Hence, s = a tan t 

is the intrinsic equation of the catenary. 

Ex. 3. Find the intrinsic equation of the tractrix. 
In § 198 let ^P = s ; then sec t = sec EPT = a/y. 
Hence, « = a log sec r 

is the intrinsic equation of the tractrix. 



§ 197, (1) 



198, (2) 



219. To obtain the intrinsic equation of a curve from its 
rectangular or polar equation, we find the values of s and r 
and eliminate the other variables between these equations. 

Ex. Find the intrinsic equation of the cycloid. 
When s is reckoned from the cusp (§ 196, example 2), we have 

s = 4r(l-V2r-y/ \f¥r) 
and Q.o^r = dy I d8 — ^2r — y/ V2r. 

.'. s = 4 r (1 — cos t). (1) 

When 8 is reckoned from the vertex, we have 

s = — V27 r (2r — y)-i^2dy-4r. y/^r — y/V^r, 

and sin T = — dy /d8 = V2 r — y/ V2r. 

.-. s = 4 r sin r. 

220. If the intrinsic equation of the involute QP is s 
the intrinsic equation of the evolute QiPi is 

s = f 'r - f '0. (1) 

The curvature of QP is dr /ds. 



(2) 




since 



•.R- ds/dr -/v. 


(2) 


Si = PiP-QiQ 


§119 


= fr -f'O 


by (2) 


Ti = T. 


(3) 




Omitting the subscripts in (3), we have (1), 
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Ex. I, The e volute of the tractrix 8 = a log sec r is 

d (log sec t)T' 

8 = a ^ ^ ^ I = a tan T, 

dr Jo 

which, by example 2 in § 218, is the catenary. 

Ex. 2. The evolute of the cycloid « = 4 r (1 — cos r) is 

« = 4 r — ^^ — ; ^ I = 4 r sm T, 

(It Jo 

which, by the example in § 219, is an equal cycloid. 

EXAMPLES. 

1. Find the evolute of the catenary 8 = a tan r. 

2. Find the intrinsic equation of x^/s 4. ^2/8 = ^2/8 and of its evolute. 

Ans. s = (S a/2) sm^r; s = (3 a/2) sin2 t. 

3. Find the intrinsic equation of the logarithmic spiral /> = &c^/« and 
of its evolute. 

When 8 is measured from the point (6, 0) where the spiral crosses 
the initial line, we have 

s = 6V1 + a2 (e«/« — 1). § 199, example 2 

Since \J/ is constant, t = 0. 



... 8 = 6Vl + a2(e^/a-l). 




CHAPTER X. 

OBDINABY DIFFEBENTIAL EQUATIONS. 

221. A differential equation is an equation which involves 
one or more differentials or derivatives. 

An ordinary differential equation is one which involves only 
one independent variable. 

For example, % = cosxdx, (1) 

d^/dx'^ + 2/ = 0, (2) 

and y = X • dy/dx + rVl + (dy/dxy^j (3) 

are ordinary differential equations. 

The order of a differential equation is the order of the 
highest differential or derivative which it contains. 

The degree of a differential equation is that of the highest 
power to which the highest differential or derivative which it 
contains is raised, after the equation is freed from fractions 
and radicals. 

Thus equation (1) is of the first order and first degree, (2) is of the 
second order and first degree, while (3) is of the first order and second 
degree. 

222. The general solution of a differential equation is the 
most general equation free from differentials or derivatives, 
from which the former equation may be derived by differen- 
tiation. 

The general solution of equation (1) in § 221 is 

y = smx+ C, 

where C is the constant of integration, 

y = sinx, y = sina; + 7, • • •, are particular solutions of (1), which ar© 
. included in its general solution, / 
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The general solution may not include all possible solutions. A solu- 
tion not included in the general solution is called a sirigular solution. 

For a discussion of singular solutions the reader will consult some 
treatise on differential equations. 

The general solution of a differential equation of the nth 
order contains n arbitrary constants of integration. It is often 
called the complete integral or primitive of the differential 
equation. 

223. In the foregoing chapters it was our object to obtain 
the general solution of differential equations of the form 

dy = <f> (x) dx. 

In this chapter we shall extend the process of integration 
to differential equations of the more general form 

Mdx + Ndy = 0, (1) 

where Msjid N are functions of x and y. 

The variables in Mdx 4- Ndy are said to be separated when 
M, or the coefficient of dx, contains x only, and N contains 
y only. 

When Mdx + Ndy is the total differential of some function 
of X and y, it is called an exact differential^ and (1) is called 
an exact differential eqication. 

For example, xdy + ydx is the exact differential of xy; hence, the 
general solution of the exact differential equation, 

xdy •{'ydx = 0, 
is xy = C, 

224. Equations of the form <^i (x) dx + <^2 (y) dy = 0. (1) 

When, as in (1), the variables are separated, a differential 
equation is solved by integrating its terms separately. 

For example, the general solution of the differential equation 

eP'dx + Sy^dy = Oy 
is e^ + 2/^ = C. 
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When an equation is, or may be, written in the form 
<^i (x) ' <^2 (y) dx + <l>s(x) ' <l>^(y) dy = 0, 
the variables may be separated by dividing both members by 

Ex. 1. Solve (1 - X) dy - (1 4- y) dx = 0. (1) 

Dividing by (1 — x) (1 + y) to separate the variables, and integrating, 
we obtain 

log {l + y) + log (1 - X) = log a (2) 

.•.(l + y)(l-x) = C. (3) 

Equations (2) and (3) are two equally correct ways of expressing the 
general solution of (1). 

Solution (3) could be obtained without separating the variables in 
(1) by noting that (I — x)dy — (1 + y)dx is the exact differential of 
(l-x)(14-y). 

Ex. 2. Solve (x2 -\-l)dy = (y^ 4- 1) dx. 

X + c 



Here tan- 1 y = tan- 1 x + tan-' c = tan— i 

.••y = 



1 — ex 

X + c 



ex 



EXAMPLES. 
Solve each of the following differential equations : 

^ dv x^ -f X -f 1 x^ — v^ . x^ — y^ . ^ 

1. T-= iZ. 1 1 — ^4-— r-^ + x-y = (7. 

dx y^ + y -{-l 3 2 

^ x^ -f 1 dy «^ , 1 y^ ly"^ I n 

3. (1 4- x) ydx + (1 — y) xdy = 0. log (xy) 4- x — y = C 

4. dy = (e*-y 4-x2e-y)dx. 3 (e^ — e^) = x^ 4- C. 

6. X cos2 ydx = y cos^ x dy. 

X tan X — log sec X = y tan y — log sec y 4- C 

6. a (xdy 4- 2 y dx) = xy dy, x^y = Cev^^, 

7. Find the equation of the family of curves whose slope is 

(4x8 4-2x4- l)/(6y2 4- 4y). 2y8 4- 2y2 = x* 4- x2 4- x 4- C. 
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8. The equation of the family of curves which cross all their radii 
vectores at the same angle A Ib p= (7e^<»*^. 

Here dp/p = cot-4d^; .-. log/) = loge^*®'^ + log C 

9. Find the equation of the family of curves 

(1) whose slope is — b^x/a^ ; 

(2) whose slope is (c^/« — e-*^«)/2 ; 

(3) whose subtangent is the constant a ; 

(4) whose subnormal is the constant a ; 

(5) whose tangent is the constant a. 

Ans. a^^ + lj^^= C; y = a(e»^« + e-*'«)/2 + C; y= C^^^; 

y^ = 2ax + C; x = Va^ - y2 + a log [(a — Va2 — y^) /y] + C. 

10. Find the equation of the curve which passes through the point 
(a, 6), and intersects at right angles each of the series of curves repre- 
sented by the equation 

y2 = 2 ax', 

in which a is a variable parameter. 

11. Helmholtz's equation for the strength of an electric current, C, at 

JE L dC 
the time tisC = — — — -r-^ where E, R, and L are given constants. 

il JX (it 

Find the value of C, having given that C = when t = 0. 

225. Equations homogeneous in x and y. After being 
divided by a;** (n being the degree of each term in x and y), 
any equation homogeneous in x and y can be put in the form 

d]/=f(j//x)dx. (1) 

Putting j/ = vx in (1), we obtain 

vdx -\- xdv = f(y) dx. (2) 

The variables in (2) are easily separated ; hence, its solu- 
tion is found by § 224. 

Ex. 1. Solve (x2 ■\-y^)dx = 2 xydy, (1) 

Putting y = ux and dividing by x^, we. obtain 

(1 + v2)dx = 2r(xdv -h r(ix). (2) 



^ 
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Separating the variables and integrating, we have 

log[x(l-B2)] = iogC. 

Putting y /x for «, the solution becomes 

aj2 - y2 = (7x. 

Ex. 2. Solve (x2 + y^) ay = zydx, (1) 

Putting y = vx and dividing by x% we obtain 

(1 + i?2) (xdv + vdx) = vdx. (2) 

Separating the variables and integrating, we have 

logx + log C = v^/2 — log V, 

or Cy = &^^^y^. 

EXAMPLES. 
Solve each of the differential equations : 

1. x^y — y^dx = xy dx, logx-\-x/y = C, 

2. (2V^-x)dy'\-ydx = 0. y=Ge~'^^. 

3. y^dx + xHy = xydy. y = Cef/^, 



4. xdy = {y + Vx2 + y^ dx, x^ = C^-\-2Cy, 

5. (x + y)dy = (y — x)dx, log(x2 + y2) + 2 tan-i(y/x)= C. 

6. xHy = yHx, y — x = Cxy, 

7. (82^ + 10x)dx + (6y+7x)dy = 0. (y + x)2(y + 2 x)8 = C. 

8. Find the system of curves at any point of which, as (x, y), the sub- 
tangent is equal to the sum of x and y. jiji^, y = Ce^/v. 

226. Non-homogeneous equations of the first degree in 
X and y. 

These equations are of the form 

(ax + by-hc)dx-h (a'x + b'y ■i-c')dy = 0. (1) 

Putting x' + h for x and y' + k for i/ in (1), we obtain 
(ax' + by' + ah + bh + c) dx 

+ (a'x' + Vy' + a'h + Vh + c')dy^ 0. (2) 
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Giving to h and k the values determined by the system, 

ah + bk + c = Oy a'h + b'k + c' = 0, (3) 

equation (2) becomes 

(ax' + hj") dx + (a'x' + b'y') dy = 0, (4) 

which is homogeneous in x' and y\ and can therefore be solved 
by the method of § 225. 

This method fails when a) J a = V Jh ; for then h and h in 
system (3) are infinite or indeterminate. 

In this case assume 

a' I a = b' /b = m, or a' = ma, b' = mb.. 

Equation (1) then assumes the form 

(ax + bi/ + c)dx + [m (ax + by) + c'] dy = 0. (5) 

Let ax'\-by = v', then dy = (dv — adx)/b. 
Substituting these values in (5), we obtain 

[b(v + c)— a (mv + c')] dx + (mv + c')dv = 0, 

where the variables are readily separated. 

EXAMPLES. 
1. SolYe(2x + Sy-S)dx-'{x + y-S)dy = 0. (1) 

Putting x' + h for x, and y^ -\- k for y, we obtain 
(2x' + Sy' -{- 2 h + Sk - S)dx' = (xf + y' + h + k - Z)dv'. (2) 

Assume the system 
2^ + 3A; — 8 = 0, ^ + A: — 3 = 0; or ^ = 1, Jk = 2. 

Equation (2) then becomes 

(2 X' + 3 y') dx' = (x' + y") dy'. (3) 

Putting y' = vx\ (3) becomes 

(2 + 3u)dx' = (!+«) («^' + ^dv), 
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dx' » + 1 

.-. - logx- = I log {(« - 1)2 - 3} + ^ log ^~^~^ + G. 

V — 2 

where x' = x — 1 and v = r • 

X — 1 

2. {Sy-7x + 7)dx + (7y-Sx + S)dy = 0. 

Ana. (2^-x + l)2(y + x-l)6 = C. 

3. (2x + y + l)dx + (4x + 2y-l)dy = 0. 

Ana. x + 2y + log(2x + y — 1)= C. 

4. (2y + x+l)dx = (2x + 4y + 3)dy. 

-4.715. 4x — 82/ = log(4x + 8y + 5)+ C. 

5. (7y + x + 2)dx = (3x + 5y + 6)(ly. 

-4.rw. xH-5y +2 = 0(x — y + 2)*. 



227. Exact differential equations. The condition that 

Mdx + Ndy = (1) 

may be an exact differential equation is 

aM/dy = BN/dx. (2) 

Comparing (1) with the exact differential equation 

du = ^dx + ^dy = 0, (3) 

we obtain 

M=Qu/dx, N=Qu/dj/, (4) 

as the conditions that (1) be exact. 

From conditions (4) by differentiation, we obtain 

QM Q^u QN 






dy dydx dx 



or (2), 
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Condition (2) is called Euler's Criterion of Integrability. 
When condition (2) is satisfied, (1) may be solved by regard- 
ing y as constant and putting 

u=^Mdx+fy, (5) 

and then determining /y so that 

Qu/dy = N. (6) 

Or regarding x as constant, we may put 

u= iNdy-hfx, 

and so determine fx that 

Qu/dx = M. 
Equations (5) and (6) involve the conditions in (4). 

Ex. Solve x(x-\-2y)dx-\-{x^ — y^}dy = 0. (1) 

Here M = x(x + 2y), N^x^-y^. (2) 

.-. bM/dy = 2x = dN/dx; 

hence, condition (2) of § 227 is fulfilled. 
Regarding y as constant, we put 

u= I x(x-\-2y)dx+fy 

= xV3 + yx2 +fy. (3) 

To determine fy, from (3) and (2) we have 

du/dy = aj2 +/'y = JV = x2 - y2. 
.'. rv = - y^ or fy = - yV3. (4) 

From (3) and (4) we obtain 

is a solution of (1). 



INTEGRATING FACTOR. 245 

EXAMPLES. 

Solve each of the following differential equations : 

1. (6xy — y^)dx-h(Sx^ — 2xy)dy = 0. Sx^ — y^=C. 

2. (x^ + Sxy^)dx + {y^-\-Sx^)dy = 0, x* + 6xV + y* = C. 

3. (x^-\-t/2)dx + 2xydy = 0. x^ + Sxy^= C, 

4. {x'^ — ixy — 2j/^)dx + {^ — ixy — 2x^)dy = 0. 

a-s — 6x2y — 6xy2 + yS = q, 

5. (l + y^/x^)dx — {2y/x)dy = 0. x^ — y^ = Cx. 

6. xdx'\-ydy + ^^l~^f^ = 0. x^ + ^ + 2 t&n-^^ = C, 

x^ + y^ X 

In example 6 divide both terms of the fraction by x^. 

7. eF(x^ + y^ + 2x)dx + 2y€Fdy = (i. &'(x^ + y^) = C. 

8. (2ax + byhg)dx + {2cy-\-bx-\-e)dy = 0. 

228. Integrating factor. When the equation, 

Mdx + Ndy = 0, 

is not exact, it may sometimes be made exact by multiplying 
it by a factor called an integrating factor. 

Sometimes an integrating factor may be found by inspec- 
tion, as in the examples below : 

Ex. 1. Solve ydx — xdy = 0. (1) 

Equation (1) is not exact, but when multiplied by y-\ it becomes 

yda^ — xdy _ 

which is exact, and which has for its solution 

x/y = G. (2). 

Multiplied by 1 /xy, (1) becomes 

dx/x — dy/y = 0, 

which is exact, and has for its solution 

log(x/2^) = logC. (3) 

Solution (2) is readily obtained from (3). 
Multiplying (1) by ar-2, we obtain the solution 

y/x = Ci. 






u. :s 



^-* .« =- 



# -■- 



<*» 



> .V,. 



O^ IS 



-■'- ^- / ^ K 



I' 
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EuLE III. When — f -3 "T~ ) ^^ ^ function of x alone, 

say^, e-^-^^*^*" is an integrating factor of (a). 

Ex. Solve (x2 + y2 + 2x)dx + 2ydy = 0. (1) 

Hence, e^Ca:)^* = g/dx = ^^ the integrating factor of (1). 
Multiplying (1) by c^, we obtain the exact equation 

c^(x2 + 2/2 + 2x)dx-\-2eP^dy = 0. 

.-. c* (x2 + y2) = c. * § 227, example 7 

Rule IV. When — f -3 -7— j is a function of y alone, 

say/i/, e-^-^^^^v is an integrating factor of (a). 

230. Proof of rules in § 229. I. When Mdx + Ndy is 
homogeneous. 



+(^'-*)(f-f)] 



= 5 [(itfaj + iVy) cZ log (xy) 



+ {Mx^Ny)d\og{x/y)']. (1) 



. Mdx + iVc^x^ 1 _ , , . IMx — Ny .. x 

lif I jj- IS evidently equal to some function of x/y, when 
Jf and N are homogeneous. 



d(logxy)-hld(^log^^ (3) 
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The second member of (2) is an exact differential ; hence, 
(Mx + -ZV>/)~^ is an integrating factor of (a). 
Equation (2) fails when Mx + Ny = 0. But in this case 

M/N=-y/x. 
Substituting this value of Mj N in (a) of § 229, we obtain 

log (2//«) = log CyOty= Cx. 

II. When Mdx + Ndy is of the fonn 

/i {xy)ydx-\'f2 {xy)xdy. 
Dividing (1) by Mx — Ny, we obtain 

Mdx + Ndy 1 Mx + Ny 
Mx — Ny ~ 2 Mx — Ny 

_l fi(xy)xy+f^{xy)xy d(xy) ^ l^/^w^^ 

The second member of (4) is an exact differential ; hence, 
(Mx — Ny)~^ is an integrating factor of (a). 

"■• -e4(f-f)=A. 

Multiplying (a) by e^<^)''% we obtain 

eff^^^^Mdx + e^^^^^^Ndy = 0, 
which is exact, for by differentiation we find that 

-p- (e//(-)^-lf ) = y- (e^^(-)^*iV^). § 227 

In like manner Eule IV is proved. 
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EXAMPLES. 

1. {x^ + 2xy — y^)dx = (x^ — 2xy — y^)dy, x^ + y^= C{x + y), 

2. (aj2y2 + xy^) dx = (x^ + xV) dy, y = Cx. 



X y \y X / 



x^-y^-\-xy= C. 



4. x^dx + (3x2^^ + 2y^)dy = 0. x2 + 22/2 = CVx2 + y2. 

j_ 

5. (1 + xy) y dx + (1 — xy)xdy = 0. x = Cye^y. 

6. (Vxy — l)xdy = (Vxy + l)y(Zx. 2/ Vxy = log(Cx/y). 

7. (y + yVxy)dx + (x + xVxy)dy = 0. xy = C. 

8. e^ (x22/2 + xy) (xdj/ + y cZx) + y cJx — xdy = 0. xyeP^ = log {Cy/x). 

9. (3x2 — y2)(|y = 2xy(ix. x^ — y^=Cy^. 
10. 2x2/dy = (x2 + 2/2)e23j. y2 — x^=Cx. 

231. Linear equations of the first order. A ^in^ar differ- 
ential equation is one in which the dependent variable and 
its differentials appear only in the first degree. 

The form of the linear equation of the first order is 

dy + Py dx= Q dx, (1) 

where P and Q are functions of x or are constants. 

The solution of dy + Pydx = 
is log y 4- log e-^^ ^ = log C, 

or ye-^^^ = C. (2) 

Differentiating (2), we obtain 

e^^^\dy + Py dx) = 0, (3) 

which shows that e-^^''* is an integrating factor of (1). 
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Multiplying (1) by e^''*'' and integrating the result, we obtain 

yef^<i' = Ce'^^^^'Qdx. (4) 

Equality (4) may be used as a formula for solving any 
linear equation in the general form (1). 

EXAMPLES. 
1. (1 + x2) dy — yxdx = adx. (1) 

Putting (1) in the general form, we obtain 

Hence, fpdz = - fiTrS " ^^S (1 + x^)-! /«. 
... e/^dx = e»<«(i + ^)~*^* = (1 + a;2)-i/2, 
a„dJe/-Qdx = ^^5^^, = ^^,^^,+ C. 

Substituting these values in formula (4), we obtain 
y = ax+ C VlH- x^. 

%x^ — ay = x-\-l, y = -r-^ + C««. 

dx 1 —a a 

3. dy + ydx — e-^dx. y = (x+C)e-*. 

4. x(l — x'^)dy+(2x^—l)ydx = (vx^dx. y = ax-\- Cx Vl — z^, 

5. cos X • dy + y sinx ' dx = dx. y = sin x + C cos x. 

6. (x2+l)(Z2/ + 2x2/dx = 4x2dx. 3(x2 + l)y = 4x8 + C 

7. d2/ + y cosx-clx= (l/2)sin 2x-dx. y = sinx — 1 + Ce— ■»»*. 

232. Equations reducible to the linear form. Of such 

equations the most important are those of the form 

dy/dx+Fy=Q^-, (1) 

where P and Q are functions of x or constants. 
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Assume z = y^-~^', 



then y=z^-^^ 2/'* = «^~^ 



" 1— n 

Substituting these values in (1), we obtain 
dzldx + (1 - 7i) P« =(1 - n) Qy 
which is linear in z. 



EXAMPLES. 

Assume 2 = 2/~*; 

then y — z—'^'^^ dy = ^ (l/6)zr-^^^dZy y^ = z-'^^^. 

Substituting these values in (1), we obtain 

dz/dz — 6z/x=—6x^, (2) 

Solving (2) by § 231 and putting y-^ for 2, we have 

2^6= (7aj6 + 6aj8/2. 



2. (l — x^)dy = (axi/^ + xy)dx, y = (cy/l — x^ — a)-\ 

3. ^yHy=(x+\-\-ay^)dx. 2^'" ^^~^^^""^* 

4. dy = (X V — »2/) dx. 2^2 = 3-2 4- 1 + c'e^. 

6. ^ + -y = 3x2y4/8. 7 2ri/»= 0x2/8- s^s. 

dx X 

6. (l-x2)d2/ + xydx = xyi/2fia;. yi/2= 0(1 -x2)i/* + L 

233. Equations of the first order and nth degree. We 

shall consider only such equations of the first order and wth 
degree as can be resolved into n equivalent rational equations 
of the first degree and of such types as have been solved in 
this chapter. 

The method will be made clear by the following example, 
where p = dy /dx. 
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Ex. Solvei>8 + 2ajp2 — y2pa — 2x2/2p = 0. (1) 

Equation (1) is equivalent to the equation 

p(p + 2z)(p-y^)=0, 

which is equivalent to the three equations 

i> = 0, p + 2x = 0, i> - 2/2 = 0. (2) 

Solving each of the equations (2), we obtain 

y = C, y^x^=C, xy + Cy'\- 1 = 0, (3) 

where we have regarded all the constants of integration as equal. 
Combining the three equations in (3) into one, we obtain 

(y - C) (y + x2 - C) {xy + Cy + 1) = 0. (4) 

Equation (4), or the three equations in (3), is the solution of (1). 

EXAMPLES. 

1. p2_7p + i2 = o. {y-ix-C){y-Sx-C) = 0. 

2. p2 _ 0x8 = 0. 26 (2/ + 0)2 = 4 0x6. 

3. p2-5p + 6 = 0. (y-2x-C)(y-Sx-C) = 0, 

4. p8(x + 22/) + 3p2 (X + 2/) + (y + 2x)p = 0. 

(2/ - O) (X + 2/ - C) (xy + x2 + 2^2 - c) = 0. 

5. 42/2p2 + 2px2/(3x + l) +3x8 = 0. 

(x2 + 22/2 - C) (x8 + 2/2 - C) = 0. 

234. Equations of orders above the first. We shall illus- 
trate by examples the method of solving four special forms of 
such equations. 

I. Equations of the form d°y/dx^ = fx. (a) 

Ex. Solve(|82//dx8 = 5&x2. (1) 

Multiplying (1) by c?x and integrating, we obtain 

d^/dx^ = (5/3) 6x8 + Ci. (2) 

Multiplying (2) by dx and integrating, we obtain 

dy/dx = {6/ 12) &x* + CiX + d. (3) 

... y = 6x5/12 + Cix2/2 + Cax + Og. 



^ 
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II. Equations of the form d^/dx' = fy. (b) 

Ex. Solve d2y/dx2 + a2y = 0. (1) 

Multiplying (1) by 2 dy, we obtain 

.-. (dy/dx)^ = - aV + Ci = a^ {ci^ - 2/2), (2) 

where Ci = a^Ci^. 

From (2), dy/y/c^ — y^ — adz. 

.', sin-i (y/ci) = ax-\- C2, 
or y = Ci sin (ax + C2). 

III. Equations of the form f ( ^> • • •, ^, x j = o; (c) 

that is, equations of the nth order not containing y directly. 

Put « = ^. then^ = ^, ••• ^ = ^^^- 
^"^ ^ dx' dx" dx ' dx« <fe— 1 

Substituting these values in (c), we obtain 

/(£^--.|'^.«)=». a) 

which is an equation of the (n — l)th order between p and x. 

Ex. Solve cPy/dx^ = a^ + h^{dy/dx)^, (1) 

Putting p = dy/dXy (1) becomes 

dp/dx = a2 + 62p2. 
.•. tan-i (bp/a) = ab{x-\- Ci), 
or . bp = a tan [06 (x + Ci)]. 

.'. 62(iy = tan [ab (x + Ci)] aJbdx. 
.*. 62y = log CSC \ab (x + Ci)] + C2. 

IV. Equations of the form f ( x^' * * •> j^* 7 ) = o- (d) 
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Substituting these values in (d), we obtain an equation of 
the (n — l)th order between p and y. 

Ex. Solve d^/dz'^ + a {dy/dx)^ = 0. (1) 

Patting p = dy/dx, (1) becomes 

-f- + ap = Oi or -- = — ady. 

dy *^ ' p 

••• i> = Cier- <»if, or efv dy = d dx. 

.-. €^= Ciax+ Cj. 

EXAMPLES. 
Solve each of the following equations : 

1. d8y = xe^dxK y = xeF — Z€F+ CiX^ + Cjx + Cg. 

3. X d«y = 2 c2x8. y = x^ log x + CiX^ + c^ + Ci, 

where Ci = Ci/2 — 3/2. 

4. d2y = a^ydx^. ax = log (y + v^M^i) + Cj, 

where a^Ci = Ci. 

5. y^d:^ = adx^. Ciy^ = Ci^ {x -\- c^)^ + a. 

6. V^(r^ = dx2. 3x = 2ai/*(yi/2_-2ci)(yi/2 + ci)i/2 + ci. 

7. xd^/dx^ -\- dy/dx = 0. y = cilogx4-C2. 

8. a2(d2y/dx2)2 = l + (dy/(te)2. 

2 a-iy = cie^/« 4- ci-^c-*^« + Cf. 

9. (1 + x2) . d2y /dx2 + 1 + (dy/dx)^ = 0. 

y = CiX + (Ci2 + 1) log (ci — x) + C2. 

10. (l-x2).d2y/dx2-x.dy/dx = 2. 

y = cisin-ix + (sin-ix)2 + Cj. 

11. y . d^/dx^ + (dy/dxY = 1. y2 = a;2 + cix + Cj. 

12. The acceleration of a body moving toward a centre of attraction, 
C, varies directly as its distance from that centre ; determine the yelocity 
and the time. 



^ 
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Let a = the acceleration at a unites distance from C ; 

X = the varying, and c the initial, distance of the body from 0; 
then xa = the acceleration at the distance x. 

Here 8 = c — x;..*. 1? = <i8/(tt = — dx/dt; (1) 

.-. xa = d28/ctt2 = -(22x/ctt2. (2) 

Since v = —dx/dt = when x = c, by integrating (2) we have 

(dx/dt)^ = ac2 — 0x2. 

/.« = - dx/dt = Va (c2 - x2). (3) 

Since t = when x = c, from (3) we have 

t = a-i/2cofini(x/c). (4) 

Putting X = in (3) and (4), we obtain 

V = cVa, the velocity at the centre of force, C, 
and t = (1/2) 7ra-i/2, (3/2) 7ra-i/2, (6/2) 7ra-i^2^ . . .. (5) 

Hence the motion is periodic, the time-period being Tfva, which is 
entirely independent of the initial distance. 

The acceleration due to gravity at the earth's surface is 32.17 feet 
per second, and below the surface it varies as the distance from the 
centre. Hence, a particular case of the periodic motion considered 
above would be that of a body which could pass freely through the 
earth. Such a body would vibrate through the centre from surface 
to surface. Calling the diameter of the earth 20919360 feet, we 
would have in this case 

a = 32.17/20919360; 
.-.period = 7ra-i/2 = 3.1416 V20919360/ 32. 17 sec. 

= 42 min. 13.4 sec. 

13. Assuming that the acceleration of a falling body above the surface 
of the earth varies inversely as the square of its distance from the earth's 
centre, find the velocity and time. 

Let X = the varying, and c the initial, distance of the body from 
the earth's centre ; 

r = the radius of the earth ; 

g = the acceleration due to gravity at its surface ; 

a = the acceleration due to gravity at the distance x. 

Here 8 = c — x, and from the law of fall 

a : flr = r2 : x2 ; or a = gr^/x^, 
.'. - d^/dt^ = ^r2/x2. (1) 



I 
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Since « = when x = c, from (1) we have 

dx /I l\i/2 

Since t = when x = c, from (2) we obtain 

1/2 /•x —zdx 



/ c Y^g r * —xdx 



14. Assuming that r, the radius of the earth, is 3962 miles ; that the 
sun is 24,000 r distant from the earth ; and that the moon is 60 r distant ; 
find the time that it would take a body to fall from the moon to the 
earth, and the velocity, at the earth's surface, of a body falling from the 
sun. The attraction of the moon and the sun, and the resistance of any 
medium, are not to be considered. 

15. A body falls in the air by the force of gravity, the resistance of 
the air varying as the square of the velocity ; determine the velocity on 
the hypothesis that the force of gravity is constant. 

Let 6 = the resistance when the velocity is unity ; 

and t = the time of falling through the distance 8. 

Then 6 (ds/dty = the resistance of the air for any velocity ; 
and g = the acceleration downward due to gravity alone. 

Hence, g — b (ds/dt)^ = the actual acceleration downward ; 
that is, d^s/dt^ = g-b (ds/dty, (1) 

Integrating (1) and solving for ds/di, we obtain 



_ds_ fg^ 
dt \b^t' 



dt \b e2'^6ff + 1 
As t increases, v rapidly approaches the constant value "^g/b. 

16. A body is projected with a velocity, Uo, into a medium which 
resists as the square of the velocity ; determine the velocity and the dis- 
tance after t seconds. 

Let 6 = the resistance of the medium when the velocity is unity ; 
then 6 (d« / (tt)2 = the resistance for any velocity. . 
Hence, d^s/dt^ = —b(d8/dt)\ (1) 

Integrating (1) and solving for ds/dt, we obtain 

V = da/dt = »o/e^. (2) 
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Integrating (2) and solving for 5, we obtain 

The velocity decreases rapidly and =0 when 8 = go. 

17. A body slides without friction down any curve, mn. The accelera- 
tion caused by gravity at any point, P, is gr cos DP A, PA being a tangent. 
Find the velocity of the body. m, 

Let PA = ds; then — PD = dy. 

.-. cPs / dt^ = g cos DP A 

= —g-dy/ds, (1) 

Let yo be the ordinate of the start- 
ing point on the curve ; then v = 
when y = yo. 

Integrating (1), we obtain 

v = ds/dt = y/2g(yo-y). (2) 

From (2) it follows that if a body falls from the line y = yo to the 
line y = &, the velocity acquired is the same for all curves of descent. 

18. A body falls from the point P along the arc of a cycloid, PO ; 
find the time of descent. 





From (2) of example 17 we have 

v = d8/dt = y/2g(yo-y). (1) 

Tlie equation of the cycloid referred to OX and OF is 

x = r vers— 1 (y/r) + V2ry — yK 
Hence, ds = —V2rjydy, (2) 

Eliminating ds between (1) and (2) and integrating, we obtain 
t = Vr/g [it — vers-i (2 y /yo)]. 
.*. t = TC^r/g^ when y = 0. 

Hence, if a pendulum swings i n th e arc of a cycloid, the time 
required for one oscillation is 2 ity/r /g. 

The time of an oscillation being independent of the length of the 
arc, the cycloidal pendulum is isochronal. 
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Standaxd Forms. 



/l^n + l /• 

n + 1 J 



log a 



j — = logM. 4. j &*du = e«*. 



5. 1 sinuc2u = — cosw, or versu. 



du = sin w, or — covers m. 



/ 

6. I cosu 

7. j sec^Mdu = tanM. 11. I tanwdu = logsecw. 

8. I cac^udu = — cottt. 12. | cot udu = log sinu. 

9. I sec u tan udu = sec u. 13. | esc 2^ du = log tan - * 

10. j cscM cotudu = — cscM. 14. I secMdi* = log tan ( ~ + -tY 

15. I -r~; — r = -tan-i-> or cot— 1-• 
^ w^ + a^ a a a a - 
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1/. /* du I . u — a 1 . a— u 



^„ /* du . ,w 

17. I —} = sm-i - » 



du . ,u , u 

-» or — cos— 1- 

a 



18. C / = log (w + Vu2 ± a2). 

ia r du _ 1 ,?i 1 ,U 

19. I — , = - sec— * - » or esc- ^ - • 

J w V u*-^ — a^ ^ <* ^ * 



du .u .u 

, = = vers—* - > or — covers-^ - 

V2au — w2 « a 



Elementary Principles ajid Formulas. 

21. I 0(M)(iu =/m + O, when d/i* = 0(u)du. 

22. r((ZM + dy + dz)= Tda + Tdy + Tdz. 

23. I adu = a j du. j = C. 

24. j wdi) = wr — I Ddu. 

Forms Involving a + lniu 
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30 r <^^ — 1 1 1 a + bu 

31 C ^^ = L 4. A 1 a + ^ 

Forms Involving a + bu^. 

du 1 . , /6 



32. 



— r ,— „ = — ;=^ tan-i w-v/-» when a > and 6 > : 



1 , Va + uy/—b 
33. = — J tog -7= 7=» when a>0 and6<0. 

2v— 06 -va — uw — b 
du u . 1 /• du 



34 C ^^ = ^ , 1 /* du 

J (a+&u2)2 2a(a + bu^) 2aJ a + bu^ 

QK /* du _ _1 u , 2r — 1 /* du 

J {a + 6u2)'- + i~2ra{a + 6u2)'-'^ 2ra J (a + fru'-*)' 

J a + bu^~b bj a + 6u2' 

„^ /* u^du _ —u , _J_ /*__^w__ . 

J (a + &u2)'- + i"2r6{a + 6u2)'-"^2r6j {a + 6u2)'-' 

J w(a + 6u2) 2a ^^a + 6u2* 



+ 6u2 



J u2 (a + 6u2) au a J a 

^ /• du 1 /* du b /* du 

J M2{a + 6u2)'- + J ~aj u2(a + 6u2)'' aj (a + bu^) 
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Standard Forms. 



/l^n + l /• 

n + 1 J 



log a 



2. i'^ = 



( — = logw. 4. I e«dM = e«*. 

5. Jsin«d« = -cos«.orvers«. 

6. I cosMdu = 8intA, or — coversM. 

7. I sec^udu = tanw. 11. ( taji udu = log sec u. 

8. I csc2|*(ii*= — cotM. 12. I cotwdu = logsinu. 
'9. I sectA tanudte = sectA. 13. i esc udu= log ta,n-' 

10. I c8CMCotwdw= — cscM. 14. I secMdu = logtanr- + -tV 
^^- I ,.2 j-.,2 =':;^^~ :;* or— -cot-l-• 



i 
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16. \ -^ .; = TT l^g ~^ — ' or — - log — ; 

J u^ — a^ 2a ^u + a 2a ^a + u 



^„ p du . , u 

17. I — ; : = 8111-^-* 

J Va-* — m2 a 



du _ . .u ,u 

I— 1-» or — cos— 1- 

a 



18. C—=^= = log (u + Vw2 ± a2). 
J Vu'' ± a^ 

19. I — . =-sec~^-» or CSC— !-• 

J '^Vw*-^ — a^ a a a a 



dU , M , M 

. = = vers— 1 - » or — covers—^ - 

V 2 au — w2 a a 



Elementary Principles ajid Formulas. 

21. I 0(M)dit =fu + C, when d/w = 0(w)dM. 

22. r((ZM + dy + dz)= rdu+ Tdy + Tdz. 

23. Cadu = a Cdu. j = C. 

Forms Involving a + bu. 
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^- fj!^k^ = ^[« + 6« - 2a log(a + 6u) - ^] ■ 

29 r du _ 1 a + 6u 
' J u(a + lm) a ° m 

30 r_J^?L_ = 1 _1 , a + hu 

31 C ^^ = L j_ A 1 <t + ^ 



Forms Involving a + bu\ 






32. j — ^"^2 = -7= tan-iM-v/7, when a>0 aiid6>0; 



33. = — 7= log -7= ■== » when a > and 6 < 0. 

2v— oft -va — uw—b 

du 



34 r <^^ = ^ + J_r_J 

J (a+buy 2a{a + lm^) 2aJ a + 

OK /* du _ _1_ u , 2r — 1 /* di^ 

J (a + 6M2)r + i""2ra{a + 6M2)r^" 2ra J (a + buy 



M^dtt M a /* du 



+ 6u2 



/^j^du_ _ w __ a /•_ 
J a + 6u2"6 ftj a 

J (a + 6M2)'- + i~2r6{a + 6M2)'-"^2r6j {a + 6u2)r* 

J w(a + 6M2) 2a ^^a + lnfi' 

f du _ 1 b r du ^ 
J u^(a + bu^) au a J a-hbu^ 

^ /• du 1 /* du 6 /* du ^ 

J u2(a + &w2)r + i ~aj u'^(a + lmy aj (a + 6u2)'-+i* 
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k 



Forms Involving a + 6u». 

41. j i*"«{a + 6u")Pdu 

w"«-» + i(a + 6M")P + i a(m — n + 1) /» . . ^ v ^ 

6{np + m + l) 6(np + m + l)^ ^ ' ' 

42. or \ T-r--* . . . I u"«(a + 6M»)P-idM: 

np + m + 1 np + m + 1^ ^ ' ' 

43. or ^7 — -r-^ ^ , — -7-t: ' i tt"«+'» (a + lM*)Pdui 

a (m + 1) a (m + 1) ^ ^ ' ' 

44. or ^ — T-rf 1- -^ ; — -t-t: — I M»» (a + &ll")P+ * dll. 

an{p + l) aw(p + l) ^ ^ ' 



Forms Involving au^ + lm + c. 

/ du _ 2 ^ 2au + 6 

au2 + 2>i4 + c ~ V4ac — 62 ^ V4ac — fe^' 

2au + 6— V62_4ac 



46. = . log 



V62 — 4ac 2aM + 6 + V62 — 4 



oc 



47. f-^xfV = f iog(««* + 6u + c)- 5^ f-rmr 

^ aw2 + 6a + c 2 a ° ^ ' 2 a^ au^ + 6u + 

Forms Involving Va + 6u. 

J 1562 



10568 



50. 



u 



udu __ 2 (2 g -- 6u) Vg + 6u . 
+ 6^" 362 

M'»(fM 2w»Vg + 6w 2ng /• m»— ^dw 



/* u*»dM _ 2u»vg + 6u _ 2ng /* u*- 

' J V5T^"" (2n + l)6 (2n + l)6j V^ 



+ 6it 
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du 1 , Voin^'—Va 
= = — plog— p== 7^ 

+ bu V a V a+ bu + Va 



52. r — ■ =-T^log '^rLlJi:; ^, whena>0; 



53. = -7=tan-i-\/ , whena<0. 



/• du _ _ Va + 6u __ (271 — 3)6 r du 

* J ^"VSTftii" (n~l)au'»-i (2n-2)aJ m»-iv^T 



65. 









Forms Involving Va^ — ««. 

66. I • , =8in~i-' 

.^ /• du 1 , M 

67. I — , =~^og . A 

_. /• du Vgg ~ u^ . 

5o. I y = — — 5 

J m2 Va2 - u2 ct^w 

69. rVa^-M^du = ^ Va2 - u^ + ^ sin-i- • 
I 2 2 a 

60. Cu^ Va2 - m2 du = ^ (2 u2 - a2) Va^ - u^ + |- sin- 1 ^ 



61. 



u 



L. r ^tt^^ ^^ du=Va2-u2- a log 
62. J — ;i^(Ju= ^^ sin-i^. 

J Va2 - m2 2 2 a 

f du ^ u , 

J (a2-u2)8/a a^V^Tir^ 
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1. I u"*sinudu = — u"«co8u + m i w^-^coau 



du. 



2. j w^cosudM = M"*8inM — m | u^-^coeu 



du. 



u. __ u^ u^ ^^ 1 ^^ 

. /•sinw - 1 sinu . 1 /•cosu , 

4. I du= 7 : H 7 I : du. 

J u"* m — 1 u"»— 1 m — \J w*— 1 



- /•C08M, 1 C08M 1 /•sinw , 

6. I aM= 7 r I raw. 

J u^ m — 1m"»— 1 m — 1 i M"»— 1 

7. Cu sin-iudM = - [(2u2 — 1) sin-iw + uVl — m^]. 
J n + 1 n + lj Vrr^ 

J n + 1 w + ij vrr:ii2 

J n + 1 n + l^l + u^ 

J ^ U + 1 (ii + l)2j 



/2/ n gat* *i •» 
a aj 



-ic««dw. 



— dw = 7 : H 7 I : du, 

u^ n — 1 u*»-^ ^""1-/ w"" 
24. I e««logMdu = ^ / — ^^, 
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78. r_-^^ = 1* Vii^±^ :p ^ log (w + Vii^±T2). 



^g . du ±u 



/ 






J (M2±a2)8/2 Vu2 ± a2 
81. r(u2±a2)8/2du 



= ^(2 w2 ± 5a2)Vw2±a2 + ^ log(M + Vw2 ± a2). 

o o 



Forms Involving V2 au — u^. 



82. I = = vers-i - • 



du ^ u 

. — == = vers— 1 - 

V 2 au — u^ ct 



/* tf'^du __ _ urn— iV2au — u2 , (2 m — 1) g / * u"»— idu ^ 
J V2 au — u2 »* wi J V2 au — u^ 

du 



84. 



J u 



'»V2au — u2 

_ __ V2 au — u2 m -- 1 /• du 

"" (2 7M — 1) au"* (2 m — 1) a J u^-W2au -tC^ 



85. rV2au - u2du = ^^^ V2au - u2 + ^sin-i'' ^ 



a 



86. |^u"*V2au — u2du 

u"»-M2au — m2)8/2 (2m + l)a /• , /r 5, 

= ^^ — r-r — \-- ---f— I u"»-w2au — u2du. 

7M + 2 m + 2 ^ 



37 (* ^/2au — u^du 
u"» 



/ 

__ __ (2au--u2)8/2 m — S Cy^au — u^du 

~, (2m — 3)au'» (2m — 3)aJ ' 



u"»— 1 
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Forms Involving V± au^ + bu-{- c, where a>0. 

88. C-j==M==z = -^ log(2 au + 6 + 2 Va Vaw2 + 6u + c). 
J V au2 + &u + c V a 



89. C^aifi + bu + cdu 



f 



2 au + 6 / — r-r-r — ; — l^ — 4ac 
= — : Vau^ + OU + C 



4ac /* 



du 



^ct 8a J Vau2 + 6a + c 

2au — b 



^ /• dw 1 . , 2 at 

J V— aM2 + 6m + c Va v62 



+ 4ac 



2aM — 6 ^/ o j^ i» ^ ■ 62 + 4ac /* du 

= — V — aM2 + 6m + c H I ■ 

4a 8a f V- aM2 + bu + c 



a j V=- 

udu 

V± au2 + 6m + c 

_ V± aM2 + 6m + c _6_ /• du 

~ ±a ^2aJ V± aM2 + 6u + c 



93. j MV±aM2 + 6M + cdM - 

3 a 2 a J 

Forms Involving Transcendental Functions. 

94. j sin2MdM = - — - sin 2 m. 

/M 1 
coR^udu = o + T8in2M. 

96. j sin2MCOs2MdM = -(m — -sm4M V 

97. I secMcscM(iM= i -. = log tan m. 

J J BITIU COS U ° 
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98. I sec2 u csd^udu = I -r-z r- = tan m — cot m. 

J J 8m2 u cos2 u 



99. 1 sin"* u COS" u du 



Jsin««cc«.«, 



8m*»-iM cos" + iw m — 1 



m + n m + 



,-^ 8m"» + iM cos**— ^M , n — 1 - . „ , 

100. = -r 1 ; — I Sin»»MC0S»-2Mdu. 



/si] 



J m m J 

1/vo r ^ ji sinwcos»-iM , n — 1 /• „ , , 
102. I cos«waM = 1 I cos^-iwdw. 



n — m — 2 /•sinn»Mdu 



^/vo /*sm"»w , sm"»+iu , n — m — 2 /• 

103. I du = -; TT \ 1 ; I 

J cos'*!* (n — l)cos«— *w n — 1 J 



C08»— 2^4 

cos*» + iw . m — n — 2 /^ cos^udu 



-^. /^cos^M, cos*» + *w , m — n — 2 /* 

104. I -7-—-du = — 7 ,, - . ^ , H ^ — I 

J 8m*»w (m — l)sm*»-iM m — 1 ^ 

iftK /* du cosu m — 2 /* du 

J 8in"»u (w — l)sin*»— 1m m — 1 J sin*"— 214 

106. r-^=: Bin« +«ii2r_gu . 

^ cos"u (n — 1)cos"-1m n — \j cos"— 2m 



/t3»n" — ^ u /* 
tan«Mdu = ^jr I tan"-2Mdu. 

/cot" ~~ ^ u /* 
COt"Mdu = ^TTj I C0t"-2MdM. 



109. f_i«_=-J=un-i(J^tan|Vifa»>6»; 

, V6 — otan- +V6 + o 

110. =-==log f ,ifa«<W 

"'^^^^ V6^tan^-V6+^ 
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12. j w"»cosudu = M"»8inM — m I u^—^cosudu. 

13. J ^ ^'*-^~3.t3'^6.[5 7.[7"^9.19"*' 

^. /•sinw, 1 sinu , 1 /•cosm . 

14. I du= r ; H 7 I -—— ; du, 

J M"* ?/i — lw"»-i m — lj w*»-i 



15. 



/cos U , , W2 W* W6 ij8 

—-du = \ogu-j^ + ^-^ + ^--: 



/•cosw, 1 cosw 1 /•sinw , 

17. Tm sin- 1 udw = i [(2 m2 - l) sin-i m + w Vl - u^]. 

,- /* . , , w^+isin-^M 1 /*u^ + ^du 

18. I M« sin-* udu = r— r-7 I , 

J n + 1 w + lj Vl— w2 

^^ /• , , M" + icos— ^w , 1 /•w« + ^dM 

J n + 1 w + lj Vl^^ 

-- /• , , , w^ + itan-^M 1 /•u'»+idM 
J n + 1 n + l^l+w2 

21. J„nlog„du = «»..[i^-^]- 

a aj 

23. I — dw = 7 r H I r du. 

J u^ n — 1 u*»— 1 n — 1 f M»»— 1 



24. re«. log«dM = ?^^ - i r^"du. 
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. ^^ /• ^ e"" (a sin nu — n cos nu) 
126. I e"" sm nw du = — ^ ., . » ^ • 

a-* + n2 



/ 



/ 



, ^^ . _ e"" (a cos nu + n sm nu) 

126. I e«» cos nu du = — ^^ ., . ., 

a^ + n^ 



Miscellaneous Forms. 



= V(a + w)(6 + w) + (a - 6) log(Va + u + V6 + u). 
To prove formula 127 \etb + u = z^. 



128. /•^fqrf rf» = V(a - u)(6 + u) + (a + 6) sin-i ^^- ^^ 

129. f-=E= = 2cot-i J^^ = 2sin-i Jp^. 
J V(w - a)(6 - u) \u-a \6-a 



Va2"+w«--a 



ion r du 1, Va2 4- ^n — a 

130. I — , = — log— = 

J uy/u^ + a2 aw Va^ + u» + a 



131. r j!f_ = 



n 

du 2 ,w2 

— sec—^ — 
an a 



^ 




^^^^^i^^^^. m 



